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Abstract: A theoretical model of multiple cracking failure mechanism is proposed herein for fiber reinforced high performance

Cementitious composites. By introducing partial debonding energy dissipation on non-first cracking plane and fiber reinforcing

parameter, the failure mechanism model of multiple cracking is established based on the equilibrium assumption of total energy

dissipation on the first crack plane and non-first cracking plane. Based on the assumption of the first crack to be the final failure crack,

energy dissipation terms including complete debonding energy, partial debonding energy, strain energy of steel fiber, frictional

energy, and matrix fracture energy have been modified and simplified. By comparing multiple cracking number and energy dissipations

with experiment results of the reference’s data, it indicates that this model can describe the multiple cracking behavior of fiber

reinforced high performance cementitious composites and the influence of the partial debonding term on energy dissipation is significant.

The model proposed may lay a foundation for the predictions of the first cracking capacity and post cracking capacity of fiber

reinforced high performance cementitious composites and also can be a reference for optimal mixture for construction cost.
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1. Introduction

Introduction of steel fibers in cementitious composites can

stabilize microcracks in the matrix. Whenever microcracks are

adequately suppressed from propagation, multiple cracking

behavior may occur. Under uniaxial tension, fiber reinforced

high performance cementitious composites (FRHPCC) exhibit

multiple cracking and pseudo strain hardening behavior since

the bridging fibers across the first crack and this bridging

effects can be continuous as other microcracks are propagating.

The major crack and other accompanied cracks can be noticed

clearly in FRHPCC. Multiple cracking is one of the basic fea-

tures for FRHPCC to get the pseudo strain hardening behavior.

Although there are some theoretical models to predict the

improvement of multiple cracking of normal fiber reinforced

concrete (FRC), the mechanism for improving the tensile strain

capacity of FRHPCC is not well understood yet. The first attempt

to define the conditions leading to multiple cracking of FRC was

suggested by Naaman
1
 who suggested that the maximum post-

cracking stress in the composite under tension was larger than

the stress at first cracking. The condition to achieve pseudo

strain hardening and multiple cracking of FRC was also derived

using fracture mechanics concepts as developed by Li and Wu,
2,3

and Li and Leung,
4
 and Li, Stang, and Krenchel.

5
 Tjiptobroto

and Hansen, developed a model based on fracture energy

method to predict the strain at end of multiple cracking, and the

critical volume fraction of fibers to guarantee the evolution of

two cracks.
6,7
 Theoretically, the first crack should be the final

major crack from energy dissipation and energy redistribution

theory analysis. However, normally this is not true because of

the influences of the test eccentricity and random imperfection.

Tjiptobroto assumed that the first crack was the final failure

major crack and the energy dissipated by other microcracks

formation was the summation of the matrix fracture energy, fiber

strain energy, and matrix strain energy. Identical assumption will be

employed in this paper. In Tjiptobroto’s assumption, however,

there has no condition of debonding energy in multiple cracks.

However, as the elastic strain is significantly increased in com-

parison with normal concrete and normal fiber concrete, the

fiber-matrix interface is subjected to high interface stress particu-

larly for high fiber modulus. The contribution of partial debond-

ing energy in multiple cracking dissipation energy is significant

and should not be neglected. Actually, there exists initial partial

debonding and post cracking partial debonding along all the

multiple cracks in FRHPCC.

A theoretical model of multiple cracking failure mechanism

based on Tjiptobroto
8 
is investigated herein to predict the

multiple cracking behavior by energy dissipation. The model of

effective fiber numbers in micro-unit body is adopted in the

present study and fiber properties and orientation influences

have been considered in the model. Multiple cracking occurs

when the energy dissipations between the first crack and multi-
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ple cracks are in balance. By comparing the multiple cracking

number prediction and energy dissipations with experimental

data of Tjiptobroto,
8 
it indicates that the introduction of partial

debonding energy term is necessary and the developed model

can approximate the multiple cracking behavior of fiber reinforced

composites. This model can also be a theoretical reference for

optimal mixture of FRHPCC based on construction cost. 

2. Modified model of multiple cracking 
mechanism in FRHPCC

2.1 Energy change analysis during multiple

cracking in FRHPCC
Naaman and Shah

9
 have proposed that an inelastic strain

hardening region exists in FRHPCC. The region between the

end of linear elastic range and the peak load denoted as region in

Fig. 1 is a result of multiple micro cracking.

The linear elastic region, region I, denotes matrix microc-

racking stage. The softening stage, region III, corresponds to

the single failure crack opening and is mainly controlled by the

fiber pulling-out process. Regions I and II have been modeled

for continuous aligned fiber composites by Aveston, Cooper,

and Kelly,
10
 known as the ACK model, which is based on

energy approach. Once a crack arises, the following energy

changes can be assumed:

1) Full debonding energy Edb: to destroy the elastic interface

bonding at the first cracking between the fiber and matrix.

2) Fiber strain energy ∆Ef − mc at the end of region II : the

result of fiber bridging.

3) Frictional energy ∆Efr : the work done against the frictional

action along the displacement difference between fiber and

matrix.

4) Matrix fracture energy GmVm : the work done during new

matrix crack formation.

5) Partial debonding energy Epdb : the energy dissipated between

the stages of matrix fracture and fiber pulling-out.

The model proposed here considers the influence of partial

debonding energy, and ignores the fiber strain energy and matrix

strain energy at the end of point 1 because of the short steel fiber

in FRHPCC. Fiber length can be classfied as short, medium and

long by the interface failure mode of fiber pulling-out or

fracture. Evaluations of all the energy terms are simplified here.

The partial debonding is assumed to exist on the interface of

fiber and matrix at point 1, while at point 2 it is assumed that the

interface stress is a frictional stress distributed uniformly

throughout the fiber embedment length. The assumption of par-

tial debonding after first cracking is reasonable for the

composites with high elastic modulus steel fiber.

2.2 Energy terms E1-2 and Ei0

As shown in Fig. 2, point 1 corresponds to the first crack

(microcrack). Between point 1 and 2, this microcrack propagates

and other cracks form simultaneously. The energy denoted as

E1 -2 which is required to open the first crack from point 1 to

point 2, i.e. the end of region II is the summation of complete

debonding energy, fiber strain energy, and frictional energy as

shown in Fig. 2.

E1 −2= ∆Ef − mc+ ∆Efr+ Edb (1)

The energy required to form other cracks, denoted as E20, E30,

E40, L, En0 is the summation of matrix fracture energy and partial

debonding energy.

Ei0 GmVm+ Epdb (i = 2, 3, L, n) (2)

where, Gm is the matrix fracture energy, and Vm is the matrix

volume fraction. 

2.3 Modified energy dissipation mechanism
The basic concept of multiple cracking is that the energy dissi-

pation E1 −2 for the first crack opening is larger than the energy

dissipation summation  of other cracks.

If E20< E1 −2, crack II forms with initial partial debonding and

crack I continues to be debonded partially too. If E20+E30<E1 −2,

crack III is formed with initial partial debonding, and crack II con-

tinues to be debonded partially, and crack I continues to be deb-

onded partially too. On the analogy of this, when the conditions of 

 and are satisfied simultaneously,

the nth crack is formed with partial debonding, and the (n-1)
th

crack continues to be debonded partially, etc., crack II continues

to be debonded partially, and crack I is completely debonded and

enters into pull out stage, i.e. strain softening region III which is

≈

Ei0∑

Ei0 E1 2–≤
i 2=

n

∑ Ei0 E1 2–>
i 2=

n 1+

∑

Fig. 1 Typical tensile load-elongation response for high performance

FRC.
9

Fig. 2 Different energy terms considered in the modified model

derivation.
10



International Journal of Concrete Structures and Materials (Vol.3 No.1, June 2009)│73

corresponding to point 2 as shown in Fig. 2. From the view of

statistics significance, debonding energy along every crack

should be asymptotically reductive accumulation process and it

will continue until the first crack is debonded completely. It is

simplified as a constant partial debonding based on shear lag

analysis.

The summation of partial debonding energy of non-first crack

represents the total partial debonding energy. The initial debond-

ing energy before matrix fracture is omitted here as compared

with Epdb. The total number of cracks is n and the total energy

dissipations approach to .

3. Theoretical prediction of energy 
dissipation terms

3.1 Strain energy of steel fiber ∆Ef −mc

The total strain energy of steel fiber at the post cracking stage

can be modified as

(3)

in which σf2 is the fiber stress at the second stage. Nfu, the effective

number of steel fiber in micro-unit Lf× Lf, can be expressed as
11

(4)

By substituting Eq. (4) into Eq. (3), the strain energy of steel

fiber can be obtained as

(5)

in which, Lf is steel fiber length, Df  is steel fiber diameter, Ef is

the elastic modulus of steel fiber, τfm is the interfacial bonding

strength, and Vf and Vm are the volume fraction of fiber and

matrix, respectively. 

3.2 Frictional energy ∆Efr

Frictional energy is the energy dissipated due to strain differ-

ence between fiber and matrix at the first crack.

(6)

(7)

Then

(8)

3.3 Full debonding energy Edb

Full debonding energy is the term dissipated to destroy entire

bonding between the fiber and matrix at the first crack.

(9)

Then 

(10)

where GII is the fracture energy in shear fracture model.

3.4 Partial debonding energy Epdb

Partial debonding energy is composed of two parts, i.e. at the

stage of the first cracking and post cracking, and can be

expressed approximately as

(11)

Derivation of partial debonding length Lpdb based on shear lag

theory is shown in Appendix.

4. First cracking energy and general post 
cracking energy

4.1 First cracking energy dissipation
The energy at the first cracking is composed of two parts, i.e.

matrix contributions and steel fiber contributions.

(12)

In which

(13)

(14)

Then

(15)

where γ1 as a snubbing coefficient equals to 0.65 for FRHPCC.

4.2 General energy dissipation of post cracking
The total post cracking energy dissipation is composed of the

energy dissipated resulted by the first major crack and other mul-

tiple cracks i.e.

(16)

where γ2 as a snubbing coefficient equals to 1.2 for FRHPCC. 
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n
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5. Computation and comparative analysis

5.1 Critical fiber volume fraction and multiple

cracking numbers
According to the flow chart of the model shown in Fig. 3, the

numerical calculation can be carried out here.

5.2 Input parameters and flow chart of the

numerical calculation
The input parameters of FRHPCC based on Tjitobroto

8
 are

shown in Table 1. The interface shear fracture energy is assumed

to be equal to matrix fracture energy approximately since it is

difficult to be determined. Fiber interface friction stress can be

measured by fiber pulling-out experiment. The measurement of

matrix fracture energy can be obtained from matrix fracture

experiments.
12

5.3 Test results of Tjiptobroto
Tjiptobroto

8
 carried out the test with specimen dimension

50 mm × 50mm × 500 mm and span length 420 mm loaded by

two points loading manner. The specimen and test results are

shown in Fig. 4.

Fig. 3 Flow chart of computation.

Table 1 The input data of FRHPCC.
8

Matrix Steel fiber

Fracture energy, Gm (N .m
−1
) 120 Modulus of elasticity Ef (MPa) 200,000

Frictional stress, τfm (MPa) 10 Length Lf (mm) 6

Interface fracture energy, GII (N .m
−1
) 120 Diameter Df (mm) 0.15

Modulus of elasticity, Em (MPa) 49100

Fig. 4 Test specimen and results of Tjiptobroto.
8
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5.4 Calculation and comparison with the test

results from references 
Multiple cracking numbers with fiber volume fraction are

shown in Fig. 5. It can be seen that the energy dissipation and

multiple cracking numbers increase with the increasing of the

fiber volume fraction. Tensile failure occurs once the energy dis-

sipation at the first cracking is balanced with other multiple

cracks. Comparison between the predictions and the test results

of Tjiptobroto
8
 is also shown in Figs. 5 and 6.

The predictive result of initial energy dissipation at first crack-

ing is shown in Fig. 7(a) and the initial energy dissipation with

different fiber volume fraction can be predicted. The correspond-

ing test results are also shown in Fig. 7(a). The numerical predic-

tions agree with the experimental results well. The predictive

results of the total energy dissipation at post cracking with partial

debonding energy are shown in Fig. 7(b), in which the solid line

represents the energy with partial debonding term and the

dashed line represents the energy without partial debonding

term. The corresponding test result is also shown in Fig. 7(b).

The numerical results with partial debonding term show good

agreement with the test results.

6. Conclusions

1) Based on energy dissipation criterion, this paper carried out

the research on multiple cracking propagation mechanism for

FRHPCC. This model predicts that the number of multiple

cracks depends on the fiber volume fraction and fiber properties.

Critical fiber volume fraction can be obtained when cracks num-

ber, i.e. multiple cracking degrees, and fiber properties are all

known. This will provide a theoretical reference for optimal

mixture design of FRHPCC and for the construction cost opti-

mization.

2) Partial debonding energy and introducing of the effective

fiber numbers on micro-unit are reasonable from the comparison

of other multiple cracks’ energy dissipation with the test results.

The snubbing coefficients considering the model error are rela-

tively reasonable. To change the snubbing coefficients, this

model can be transformed into a new model for other type fiber

reinforcing composites.

3) The influence of partial debonding term on post cracking

Fig. 5 Variation of energy E1-2 and ΣEi0 vs number of cracks.

Fig. 6 Crack number comparison between test results and

theoretical prediction.
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dissipation energy is significant and the difference compared

with that without partial debonding is about 20~30%. Both the

initial energy dissipation predictions and the total energy dissipa-

tions with partial debonding term show good agreements with

the test results. The former can be used to predict the first crack-

ing loading capacity and the initial constitutive relation at end of

the first cracking stage. The latter can be used to predict the post

cracking loading capacity.
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Appendix

The partial debonding length after cracking Lpdb can be calcu-

lated using the following expression for interfacial stress devel-

oped based on the shear-lag theory. 
8

(12)

in which

(13)

where εmu is the elastic strain which can be expressed as

(14)

τelastic x( )  =

1

2
---ΦαEfεmu

2 ΦLf /Df( ) 1–cosh

2 h ΦLf /Df( )sin
-----------------------------------------------

2Φx
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----------⎝ ⎠
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2γmVm

3Ec/4 7Ef Vf 1 α+( )/24–[ ]αLf
---------------------------------------------------------------------------=

Fig. 7 Variation of energy dissipation vs fiber volume fraction.
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where γm is the surface energy and equals to Gm / 2, and com-

posite modulus of elasticity Ec including its parameters can be

calculated from

(15)

Ecl and Ecu are the lower limit and the upper limit and given by

(16)

(17)

(18)

Vm is the Poisson’s ratio of the FRHPCC matrix, and

(19)

Now, let

(20)

Lpdb can be obtained from Eq. (20), and so the partial deb-

onding energy Epdb.

1

Ec

----- 0.5
1

Ecl

-------
1

Ecu

--------+⎝ ⎠
⎛ ⎞=

Ecl

1

1 Vf–

Em
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Vf

Ef

-----+

------------------------=

Ecu Em 1 Vf–( ) Ef Vf+=

α
EmVm

Ef Vf

--------------=

R
Df

4
-----

π

Vf

-----=

τelastic x( )[ ]
max

τfm=


