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Abstract 

The quantificational exploration of the propagation law of fracture process zone (FPZ) is of great importance to the 
research on concrete fracture. This paper performed fracture experiments on pre-cracked concrete beams under 
various loading rates. Digital image correlation (DIC) method was applied to obtain the whole field displacement of 
concrete in the fracture test. The crack opening displacement (COD) and the evolution of FPZ were determined based 
on the whole field displacement. The results show that the length of FPZ first increases and then decreases with the 
development of the effective crack length and the maximum length of FPZ is about 60 mm. It can be found that the 
length of FPZ corresponding to the peak load decreases with the increase of loading rates. Based on the fictitious 
crack model, a bilinear softening model was established. According to the proposed model, the mechanical behavior 
and the propagation law of FPZ were analyzed. The bilinear softening model can reflect the microcrack development 
and the aggregate interlocking in the FPZ.

Keywords:  concrete, loading rates, digital image correlation (DIC), fracture process zone (FPZ), crack opening 
displacement (COD)
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1  Introduction
Most concrete structures in service are subjected to static 
loads as well as are frequently disturbed by dynamic 
loads such as earthquakes, shocks and explosions. As a 
result, studying the effect of loading rates on the fracture 
mechanical properties is of great practical engineering 
significance to predicting the crack propagation and fail-
ure of concrete structures under dynamic loads, which 
raised a wide concern in the research field in recent dec-
ades (Wang et al. 2016; Al-Osta et al. 2018). Bazant and 
Gettu (1992) studied the variation of concrete fracture 
mechanical parameters under different loading rates with 
size effect model and their results indicated that the frac-
ture toughness, FPZ length and the critical crack opening 

displacement increase with the increasing of loading 
rates. Rosa et  al. (2012) conducted three-point bending 
tests on pre-cracked concrete beams under five loading 
rates ranging from 1.74 × 10–5 to 17.4  mm/s and found 
that both the peak load and the fracture energy of con-
crete increase with the increasing of loading rates. Vidya 
Sagar and Rao (2014) investigated the influence of load-
ing rates on acoustic emission characteristic parameters 
obtained in the fracture procedure of reinforced concrete 
beams with acoustic emission techniques. It was found 
that as the loading rate increased, the brittleness is more 
evident and the acoustic emission characteristic param-
eter (b-value) becomes smaller. To produce low and high 
strain rates respectively, Zhang et  al. (2015) utilized the 
servo hydraulic testing machine and the drop hammer 
to perform fracture tests on reinforced concrete beams. 
Test results showed that the effect of loading rates on 
crack propagation rate is relatively evident and the crack 
propagation rate at the initial loading stage remains 
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almost unchanged when the loading rate is comparatively 
fast, although the propagation rate of the main crack 
gradually decreases. Hu et al. (2015) performed splitting 
tensile tests on pre-cracked concrete cubes under four 
different strain rates (10–5 mm/s to 10–2 mm/s) and ana-
lyzed the influence of loading rates on concrete fracture 
parameters based on the double-K fracture theory. The 
testing results indicated that the initial fracture tough-
ness increases linearly but the unstable fracture tough-
ness first increases and then stays unchanged with the 
increase of loading rates. Meng et al. (2017) studied the 
influence of loading rates and initial crack-depth ratios 
on the fracture mechanical properties of ultra-high 
performance concrete. It was found that the peak load 
of concrete specimen increases with the increasing of 
loading rates and the increase amplitude is influenced 
by the initial crack-depth ratios. It can be concluded 
that although the influence of loading rates on concrete 
fracture properties is highly concerned by international 
scholars, the researches mainly focus on fracture charac-
teristics, e.g. peak loads, fracture toughness, and ignore 
crack propagation when considering the effect of loading 
rates. What’s more, no consistent conclusions about the 
relationship between concrete fracture parameters and 
loading rates have been drawn until now. It makes con-
ducting concrete fracture tests under different loading 
rates is of theoretical and engineered significance.

Researches on concrete fracture properties indicate that 
evident strain concentration area, named fracture process 
zone (FPZ), is located in the crack tip. Phenomena such as 
microcracks, aggregate interlocking, contact of coarse sur-
faces and friction all exist in the area (Hillerborg et al. 1976). 
The FPZ is not only an important characteristic of concrete 
fracture, but also the fundamental cause of it. In order to 
describe the relationship of stress and crack opening dis-
placement in FPZ, Hillerborg et al. (1976) proposed a cohe-
sive crack model, which can effectively reflect the softening 
properties of concrete. Additionally, the model parameters 
can be determined by fracture tests and it makes this model 
quite practical. With the further study of FPZ, large quanti-
ties of observing techniques and methods have been pro-
posed. The common measuring methods include scanning 
electron microscope (Krstulovicopara 1993), X-ray tech-
nique (Otsuka and Date 2000), laser speckle photography 
(Ansari 1989) and acoustic emission method (Fathima and 
Kishen 2015; Haneef et al. 2016). Digital image correlation 
(DIC), which is a combination of the modern digital image 
processing technology and optical measurement mechan-
ics, is a new optical method invented in 1980s. By compar-
ing the speckle patterns during the loading procedure of 
specimens, the deformation of the observing area can be 
calculated (Fu and He 2010). Since the nature of the tech-
nology is non-interference, drawbacks of many traditional 

optical measurements can be effectively avoided and the 
advancement has made a wide application in the deforma-
tion measurement of quasi-brittle materials such as con-
crete and rock in recent years. Wu et al. (2011) studied the 
influence of specimen size on the development of concrete 
FPZ with DIC method and found that the FPZ length at 
the moment that it is most fully developed increases with 
the increase of specimen height, but decreases with the 
increase of initial crack-depth ratios. Dong et al. (2017) fur-
ther extended the research by Wu et al. (2011) and studied 
the development of the FPZ of concrete beams under com-
plex fracture mode. Gajewski and Garbowski (2014) deter-
mined the fracture mechanical parameters of concrete by 
combining DIC technique with inverse analysis. Skarzynski 
et  al. (2011) focused on researching the shape and width 
variations of FPZ of concrete beams in the fracture pro-
cedure by DIC technique and investigated the influence 
of characteristic length and aggregate size on FPZ length. 
Asmaro (2013) conducted wedge splitting tests on concrete 
specimens of different ages and analyzed the FPZ develop-
ment in quantification by DIC technique. All the previous 
researches shown above demonstrated that it is available to 
study the crack propagation and nonlinear fracture mecha-
nism of concrete by utilizing DIC.

Since the three-point bending test is recommended as 
a standard method to study the mode I crack by RILEM 
(1990), three-point bending tests on pre-cracked concrete 
specimens under different loading rates with MTS 322 
device are performed and crack propagation is investi-
gated by using DIC method. Based on the measurements 
recorded in the fracture procedure, the whole field dis-
placement and FPZ development were analyzed.

2 � Test Program
2.1 � Three‑Point Bending Test
The mix proportion used in the study is shown in 
Table  1. Ordinary Portland cement of grade 42.5, 
river sand with particle size distribution fitting 
ASTM C33/C33M-18 (2018), aggregates with maxi-
mum size of 20  mm and water were used in cast-
ing of concrete. The concrete mixture was casted into 
100 mm × 100 mm × 400 mm moulds and demoulding 
was taken after 24 h. Then the specimens were cured in 
water for 28  days. Before the experiment, a pre-crack 
with a depth of 30 mm was cut along the height in mid-
dle of the specimen and water was used to wash away 

Table 1  Mix proportions of concrete.

Water 
(kg/m3)

Cement 
(kg/m3)

Sand 
(kg/m3)

Aggregate 
(kg/m3)

Water/
cement

Sand ratio 
(%)

175 461 511 1253 0.38 0.29
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the ashes and pastes inside the cracks. In the procedure 
of the experiment, the specimens were put on the sup-
ports with the cracks facing downward and the dis-
tance between two supports was kept as 300 mm. The 
loader was located above the middle of the specimens 
and faced with the pre-crack. In this study, a hydraulic 
servo closed-loop testing machine (MTS 322) was used 
to conduct the three-point bending tests on concrete 
specimens. The load was recorded by the load sensor in 
the machine and then saved by the computer while the 
crack mouth opening displacement (CMOD) was meas-
ured by using the clip-on extensometer. In order to 
obtain the post-peak region of the stress–strain curve, 
CMOD was used to control the loading process and the 
loading rates were set as 0.001  mm/s, 0.01  mm/s and 
0.1  mm/s to investigate the effect of loading rates on 
monotonic fracture properties of concrete. The three-
point loading method is shown in in Fig. 1.

2.2 � DIC Test
Before DIC test, a specimen surface with less pores 
and flaws was selected for measuring. The ashes were 
cleared away by a brush and the measurement area 
(the extended area of FPZ) was repeatedly sprayed with 
matte black paint. Then the camera tripod and slide 
were installed. By adjusting the position of the cam-
era tripod and the slide, the image acquisition area was 
aimed and the camera lens surface was kept parallel 
to the surface of the specimen. Afterwards, the image 
was optimized to the clearest by adjusting the focus of 
the lens and the lighting equipment was put in place 
with lighting adjusted. After all the adjustments were 
finished, the MTS 322 was started and the load was 
applied, during which the images were collected by the 

high-speed camera and the frequency of image collec-
tion was 2 images/s.

3 � Fracture Mechanical Properties of Concrete 
Under Three‑Point Bending

3.1 � P‑CMOD Curve Obtained by Traditional Method
Figure 2 shows the monotonic load-crack mouth open-
ing displacement (P-CMOD) curves of concrete under 
three different loading rates by using the traditional 
clip-on extensometer. It can be seen that the P-CMOD 
curve is approximately linear before peak load and is 
nonlinear near the peak load, while after the peak load 
it presents evident softening phenomenon. It can also 
be seen that with the increasing of loading rates, con-
crete peak load goes up. It indicates that concrete has 
significant loading rate effect on fracture. However, 
in terms of displacement, under the circumstances of 
three loading rates, the peak CMODs of concrete are 
0.028 mm, 0.041 mm and 0.038 mm, where the loading 
rate effect is not obvious. All the details of the experi-
mental specimens are show in Table 2.

Fig. 1  Three-point bending fracture test of concrete.
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Fig. 2  P-CMOD curves of concrete under three different loading 
rates by using the traditional clip-on extensometer.

Table 2  The details of the experimental specimens.

Serial number Loading 
rate 
(mm/s)

fc (MPa) Ppeak (kN) CMODpeak (mm)

Specimen A 0.001 62 8.12 0.028

Specimen B 0.01 8.75 0.041

Specimen C 0.1 8.94 0.038
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3.2 � P‑CMOD Curve Obtained by DIC Method
3.2.1 � Determination Method of Crack Opening Displacement
The dimension of the measuring domain used in the 
study is 100  mm × 80  mm and is large enough to cover 
the initial crack, crack tip and the whole area of the effec-
tive height. The detailed dimensions are shown in Fig. 3.

In the study, the relative coordinate method was used 
to calculate the displacement difference to determine 
the crack opening displacement. The specific method is 
shown as follows: The measurement area was divided into 
180 parallel sections along the direction of crack propa-
gation as shown in Fig. 3. In order to ensure that the cal-
culating width on each section contains the whole FPZ, 
the width of each cross section was 20  mm and by this 
method the crack opening displacement of each section 
along the direction of crack propagation could be calcu-
lated after determining the area of the testing region. For 
instance, to calculate the crack tip opening displacement 
(CTOD), the variation of displacement along the cal-
culating width of the section should be firstly obtained. 
Figure 4 shows the variation process of the displacement 
on the horizontal section where the initial crack tip is 
located when the specimen is failure. It can be seen that 
the displacement on the left side of the crack is negative 
while on the right side is positive. A sudden displace-
ment change happened within the crack in the direction 
perpendicular to crack propagation, which caused stress 
concentration and the crack propagation. The width of 
FPZ at the position is the distance between two points 
where sudden displacement change occurs. For example, 
in Fig. 4, the distance between A and B in the X direction 
is about 3.4 mm, while the CTOD is 0.33 mm, which is 
the displacement difference between A and B. As a result, 
the COD at each section along the height direction of 
the specimen is the displacement difference between two 
points where sudden displacement change occurs in the 
width range. Parallel sections are selected from the speci-
men bottom along the direction of crack propagation 
and then the horizontal displacement distributions in the 
parallel sections can be obtained. In this way, the vari-
ation of the whole FPZ width with height can be deter-
mined and the actual distribution of the whole FPZ can 
be described, which provides reliable experiment data for 

the analysis of the nonlinear fracture mechanical prop-
erties of concrete. Since only mode I crack was studied 
in this paper and the vertical deformation was small, the 
deformation in the vertical direction was ignored when 
calculating COD of each section.

In addition, according to the strain cloud chart in the 
measurement area of specimen obtained by DIC method, 
strain distribution on line AB in the cross section at the 
crack tip when Specimen A comes into failure can be 
described, as shown in Fig. 5. It can be seen that a signifi-
cant strain concentration is generated between − 5.9 and 
9.9  mm, and the width of the strain concentration area 
is 15.8  mm in the direction perpendicular to the crack 
propagation. It can also be found that the width of strain 

Fig. 3  The measuring region of concrete specimen by DIC method.
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Fig. 4  Displacement distribution in the horizontal direction at the 
crack tip when Specimen A comes into failure.
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concentration is wider than that of crack expansion, for 
which the reason may be explained that crack generates 
when the strain exceeds the maximal value and concrete 
can be assumed as elastic before the value is reached.

3.2.2 � CMOD
To determine CMOD by DIC method, only the COD at 
the location Y = −  30  mm needs to be calculated. The 
photographing speed is 2 frames/s in this experiment. 
According to the record of COD with the process of pho-
tographing, the variation law of CMOD and P-CMOD 
curve can be obtained.

In order to verify the reliability of DIC method, the 
CMOD obtained by DIC is compared with the result 
recorded by the traditional one with the clip-on exten-
someter. Figure  6 indicates the monotonic P-CMOD 
curves of concrete calculated by both DIC method and 
clip-on extensometer method under different loading 
rates. Although some certain deviations can be observed 
in the experimental curves obtained by the two meth-
ods, the curves almost coincide with each other on the 
whole, which demonstrates the reliability of DIC method 
to measure the fracture mechanical properties of con-
crete. The reasons for the difference may be explained 
as follows: Firstly, since DIC and MTS machine are two 
independent systems, at present the two systems can not 
completely simultaneously collect data. Instead, man-
ual start of photographing was adopted in the study at 
the moment that the loading process of MTS machine 
began and the method unavoidably contributed to time 
differences between the two systems. Secondly, the clip-
on extensometer was fixed on the mouth of the pre-cut 
crack, any small accidental displacement at the clip-on 
edge could affect the experimental results in the load-
ing process. Thirdly, the image collecting frequency of 
DIC experiment was much smaller than that of the MTS 
machine, which may influence the accuracy of the experi-
mental results, and especially after the peak load when 
the loading capacity decreased rapidly, it may lead to 
some relatively large errors.

3.2.3 � CTOD
The traditional clip-on extensometer can effectively 
obtain the variation of CMOD, but have difficulty in get-
ting the values of CTOD. In comparison, as a non-contact 
nondestructive testing method, DIC method can meas-
ure the whole field displacement of the targeted area. In 
this study, DIC method was used to obtain the CTODs 
of concrete specimens. In order to intuitively compare 
the differences between CMOD and CTOD, both values 
obtained from the same specimen are depicted in Fig. 7. 
In the figure, COD on the abscissa represents the crack 
opening displacement at any location, CMOD represents 

crack mouth opening displacement, and CTOD repre-
sents crack tip opening displacement. It can be seen that 
the shape of P-CTOD curve is almost the same as that of 
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Fig. 6  P-CMOD curves of concrete under monotonic bending loads 
obtained by two different measuring methods.
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P-CMOD curve and the former value is a bit smaller than 
that of CMOD on the same condition.

No microcracks emerge in concrete materials when 
concrete is loaded less than 40% of the peak load. On that 

stage, the P-CMOD curve is almost linear. As a result, 
the stage can be regarded as linear elastic and the dif-
ference between CMOD and CTOD is comparatively 
small. When the load exceeds proportionality limit, the 
difference becomes larger with the increase of load. To 
be more specific, the deviation between the two P-COD 
curves is mainly caused by the differences of measuring 
locations. With the propagation of cracks, the rotation 
angle formed between the crack mouth and the crack tip 
gradually increases, which also leads to the increase of 
the difference of CODs. Looking back to the linear stage, 
because the values of COD are comparatively small, the 
influence of the rotation angle on CODs of two different 
locations is not evident.

Although certain deviations exist in the COD values 
obtained by the two different measuring methods, both 
results are valid for crack measurement of concrete mate-
rials. Since DIC method can get the whole field displace-
ment of concrete specimens, it is very convenient to 
analyze the development of concrete FPZ by the measur-
ing method. Besides, two other advantages can be drawn 
as follows: As a non-contact measuring technique, the 
measuring range is not influenced by the distance of the 
measuring apparatus. Secondly, the measuring procedure 
is not disturbed by the vibration and noise of the loading 
equipment, which makes the testing error much smaller 
than that of traditional method.

4 � Fracture Process Zone (FPZ)
4.1 � The Formation of FPZ
The fracture of concrete is a phenomenon of slow crack 
propagation, which can be seen as time-dependent. In 
the zone at the crack tip, the process of stress relief exists. 
However, due to the interlocking between aggregates and 
mortars, the zone is still able to withstand parts of the 
stress and it can be named as strain softening phenom-
enon, which is the main cause of the inapplicability of 
linear elastic fracture mechanics to the study of fracture 
properties of concrete materials. As a result, inspired by 
the classical model of elastoplastic mechanics, Hillerborg 
et al. (1976) proposed fictitious crack model, which can 
reflect the softening effect, and introduced the concep-
tion of FPZ. FPZ is the stress concentration area existing 
at the crack tip when concrete structures with cracks bear 
external loads. Although large amounts of microcracks 
emerge in FPZ, the interlocking between aggregates has 
bridging effect and it makes the FPZ is still able to trans-
fer partial stress. With the continuous increase of the 
applied load, the length of FPZ gradually develops and 
the CODs at the fracture surface also increase. The mac-
rocracks emerge and propagate when the CTOD exceeds 
the critical value. At the same time, FPZ continues to 
develop and the cohesive stress in FPZ continuously 
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redistributes with the process of mechanical loading. The 
stress never exceeds the tensile strength of the material 
since there is no stress singularity at the crack tip. When 
the stress intensity factor generated by external load 
exceeds that of cohesive stress in FPZ, the concrete struc-
ture cannot bear larger loads and the load at the moment 
is equal to the maximal value. The crack and FPZ can 
propagate continuously if displacement control is used 
to conduct the loading process. The capacity of concrete 
gradually decreases and the macroscopic mechanical 
response of concrete goes into the softening stage since 
the concrete structure cannot sustain larger load. In the 
whole loading process of concrete, the boundary between 
the macrocrack and FPZ depends on whether the CTOD 
exceeds the critical value and whether the strain exceeds 
the peak strain. The peak strain of concrete is the value 
corresponding to the peak stress in the stress–strain 
curve of concrete. Based on the experimental results 
from reference (Chen et al. 2017), the peak tensile strain 
of concrete at the loading strain of 10–6/s is 123 µε. When 
the CTOD is smaller than the critical value, the length of 
FPZ is from the initial crack tip to the location of maxi-
mum strain (the tip of the new crack). When the CTOD 
exceeds the critical value, the length of FPZ is from the 
new crack tip to the location of maximum strain. During 
the procedure, with the process of external loading, the 
location of new crack tip propagates continuously.

It can be seen from the above analysis that the difficul-
ties of describing the fracture properties of concrete can 
be described as the several points like the complicity of 
the crack propagation path, the location determination of 
the crack tip, the size of FPZ, and etc. Therefore, apart 
from the necessity of researching the variation of CMOD 
and CTOD, parameters of macroscopic fracture mechan-
ics such as the crack propagation path, the location of 
crack tip, the length of FPZ and the dissipative energy of 
crack propagation also need to be studied. DIC method 
can directly measure the whole field displacement, the 
crack propagation law and the development of FPZ.

Figure 8 indicates the P-CMOD curve obtained by the 
traditional clip-on extensometer when testing the pre-
cracked concrete beam specimen under the loading rate 
of 0.001  mm/s. The points on the curve represents dif-
ferent loading stages which need to be studied. Figure 9 
shows the strain fields of concrete specimen by using 
DIC method on various stages, which corresponds to the 
points on the P-CMOD curve shown in Fig. 8. Figure 9a 
indicates the strain field distribution in the measurement 
area when 70% of the peak load is reached in the post-
peak region. It can be seen that large quantities of strain 
concentration areas distribute randomly on the speci-
men surface, including the areas near the initial crack tip. 
The main reason for the phenomenon can be concluded 

as follows. Since concrete is a heterogeneous material, 
large numbers of initial flaws, including pores, microc-
racks, etc., can generate in the casting and curing proce-
dures and stress concentration is very likely to take place 
in these areas. With the increasing of load to the peak 
value, the distributed strain concentration areas decrease 
gradually and gather towards the new crack tip, where 
the microcracks accumulate continuously, as shown in 
Fig. 9b.

The P-CMOD response of concrete gradually becomes 
softening under the continuous load. At the moment, the 
microcracks at the crack tip continue to aggregate and 
the strain in other places is further released, together 
with the decrease of secondary cracks and the forma-
tion of FPZ with certain width along the direction of the 
initial crack, just as shown in Fig. 9c. Then the develop-
ment of FPZ starts to accelerate. By comparing Fig. 9c, d, 
it can be seen that the secondary cracks disappear rap-
idly and the stress concentration area at the crack tip 
becomes more evident. Moreover, after the release of 
strain in other places, only a small residual strain with the 
value of 5.5 × 10–5 is remained. At the end of the stage, 
the secondary cracks disappear completely and a major 
crack forms at the initial crack tip. As a result, the fail-
ure characteristics of concrete can be concluded as fol-
lows, before the formation of the major crack, random 
microcracks emerge in the whole range of the specimen. 
Then after the major crack forms, the stress of other sec-
tions gradually releases and the major crack continues to 
propagate. After the loading stage, the propagating path 
of the major crack is very clear and constantly develops 
along the major crack in the following loading procedure. 
However, at several initial loading stages of the formation 
of the major crack, such as P5 and P6 in Fig. 9e, f, parts of 
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the residual stress in other sections are not fully released 
and little strain can still be observed despite the fact that 
the major crack has formed. Only when it reaches stage 
P7 stress in the sections outside the major crack is almost 
completely released with the remaining strain approach-
ing the value of 0. When the FPZ is fully developed, the 
strain outside FPZ decreases and the corresponding sec-
tions gradually turn into traction-free area. To be more 
specific, the traction-free area forms at 16% of the peak 
load in the post-peak region and can be observed on 
stage P9, as shown in Fig.  9i. On stage P9, the length of 
the effective crack and FPZ are 89.94 mm and 59.94 mm 
respectively and the CTOD is 0.155  mm. The detailed 
analysis can be seen in the following sections.

4.2 � The Determination of FPZ Length
The precise measurement of FPZ length plays an impor-
tant role in predicting the concrete structures failure and 
selecting the proper specimen size. For concrete materi-
als, due to the interlocking of aggregates and the varia-
tion of crack propagating paths, one of the difficulties in 
the development of concrete FPZ is how to accurately 
determine the locations of the major crack and the new 
crack tip. According to the definition of FPZ, to obtain 
its size, the critical COD first needs to be determined and 
then whether the material is completely cracked can be 
judged. According to the cohesive crack model, the stress 
distribution of concrete in FPZ is the function of COD 
( σ = f (w) ) with the critical crack opening displacement 
w0 as one of the main parameters of the function. To 
determine the model parameters, the model form needs 
to be firstly determined. According to the study by Peter-
son (1981), the relationship between COD and stress can 
be represented by the bilinear model. The parameters of 

the model include the tensile strength of concrete ft, the 
turning point stress σ1, the crack opening displacement 
w1, and the critical crack opening displacement w0. In the 
study, the tensile strength obtained from the research by 
Chen et al. (2017) can be used and the value is 4.16 MPa. 
The determination of the critical crack opening displace-
ment w0 is dependent on the concrete fracture energy 
(Gf) which can be determined by the area under the 
load-loading point displacement (P-δ) curve to the area 
of the fracture surface under three-point bending loads. 
However, since the displacement of the loading point is 
easily affected by its plastic deformation and that of the 
supports, the measuring errors are comparatively large, 
which results in large fluctuation in the calculated frac-
ture energy (Zhu 2011). Compared to the displacement 
of the loading point, CMOD can be conveniently meas-
ured by the clip-on extensometer. The fracture energy of 
concrete can be indirectly calculated based on P-CMOD 
relationship under three-point bending tests using the 
equations deduced by Zhang and Xu (2008). Meanwhile, 
from the results in reference (Zhu 2011), by compar-
ing the fracture energy determined by P-CMOD curve 
shown in the study by Zhang and Xu (2008) and that cal-
culated by the method recommended by RILEM, both 
the calculating results are close to each other and the 
calculating result by Zhang and Xu (2008) is more stable. 
Lee and Lopez (2014) investigated the fracture energy by 
using two loading conditions: constant stroke control and 
constant CMOD control. Test results showed that a far 
tail constant “A’’ could change the true fracture energy 
by up to 11% by using P-CMOD instead of P-δ. What’s 
more, Asmaro (2013) found that the fracture energy 
calculated by P-δ curve is 1.1 times of that obtained by 
P-CMOD curve. The above researches all indicate that 

a P1 b P2 c P3 d P4 e P5 f P6

g P7 h P8 i P9 j P10 k P11 l P12

Fig. 9  The strain fields of concrete specimen on different loading stages by using DIC method (0.001 mm/s).
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it is feasible to calculate the concrete fracture energy by 
P-CMOD curve. To simplify the calculation, the propor-
tion of the area enclosed by P-CMOD curve to the frac-
ture surface area is used and multiplied by the experience 
coefficient of 1.1 to determine the fracture energy of con-
crete. In terms of the determination of σ1, many research-
ers have paid attention to it. Since the bilinear model can 
effectively simulate the softening properties of concrete 
FPZ, Wittmann et  al. (1990) established a concrete sof-
tening constitutive model on the basis of it and found 
that σ1/ft for plain concrete is commonly less than 0.25. 
Asmaro (2013) conducted mode I fracture tests on plain 
concrete and applied the bilinear softening model to the 
material by inverse analysis. The results showed that σ1/ft 
is within the range between 0.4 and 0.53. Huang (2016) 
obtained the numerical solution of the softening curve 
based on the cohesive crack model, where the values of 
σ1/ft and w1/w0 are 0.25 and 0.4 respectively. In the study, 
based on the bilinear softening model established by Hill-
erborg et  al. (1976), the value of 3 is taken as σ1/ft and 
w1 is calculated by the ratio of 0.8Gf to ft (w1 = 0.8Gf/ft). 
Because the mix proportions, the loading modes and the 
calculating methods are different in the above studies, the 
obtained model parameters would be different. Since the 
Hillerborg’s model is both moderate and widely applied, 
in the study it is used to determine the model parameters 
with the calculating method of w0 = 3.6Gf /ft . The sof-
tening model parameters of FPZ under different loading 
rates are shown in Table 3.

According to the strain field distribution and the 
COD distribution with the specimen height obtained 
by DIC method, the sizes of FPZ and the macrocrack 
can be determined. The specific method is shown as fol-
lows, at the beginning of the FPZ, the COD reaches its 
critical value while at the end side, the strain reaches 
its maximum value. Therefore, the end of the FPZ is 
firstly determined based on the strain field distribution 
of concrete. At the initial loading stage, the COD at the 

tip of the macrocrack is smaller than the crictical value 
(CTOD ≤ CTODc). At that time, FPZ includes the area 
from the tip of the macrocrack to the location where 
maximum strain is reached. With the process of mechan-
ical loading, the COD at the crack tip gradually increases. 
When the critical value is exceeded (CTOD > CTODc), 
the FPZ is the areas between the points of the critical 
value and the maximum strain.

In this study, fracture tests of concrete specimens are 
carried out under monotonic three-point bending load-
ing at various loading rates. Specific methods to deter-
mine the length of FPZ of concrete beams with pre-cut 
notches are given in the following sections.

4.2.1 � Specimen A (0.001 mm/s)
In the test, a high-speed camera is used to take images 
of concrete during the fracture tests and failure images 
of the whole loading process are obtained. The COD cal-
culation method mentioned in the previous section is 
used to post-process each image, by which the variation 
curves of COD with the loading process can be obtained. 
Figure 10 shows the variation curves of COD at several 
sections of specimen A. It can be seen from the figure 
that the COD at each section increases gradually with the 
mechanical loading process.

Figure  11 shows the FPZs and COD distributions of 
specimen A at the typical loading stages. When 70% 
of the peak load is reached in the pre-peak region, the 
CTOD is 0.0025 mm, which is less than the CTODc, and 
no macroscopic crack is formed at that time. Besides, 
the length of FPZ is 5.18  mm, which is 0.074 times of 
the effective height (70  mm). When the peak load is 
reached, CTOD is 0.0062 mm, which is still smaller than 
the critical value, and the marcocrack is still not able to 
be observed. At that time, the length of FPZ is 6.46 mm, 
which is 0.092 times of the effective length. When the 
specimen is loaded to 90% of the peak strength in the 
post-peak region, CTOD is 0.0076 mm and still smaller 

Table 3  Fracture parameters of concrete under different loading rates.

Softening model Loading rate 
(mm/s)

Gf (N/mm) ft (MPa) σ1 (MPa) w1 (mm) w0 (mm)

Hillerborg model 0.001 0.182 4.12 1.37 0.035 0.159

0.01 0.220 4.24 1.41 0.042 0.187

0.1 0.238 4.56 1.52 0.042 0.188

CEB model (1990) 0.001 0.182 4.12 0.62 0.045 0.287

0.01 0.220 4.24 0.64 0.053 0.337

0.1 0.238 4.56 0.68 0.053 0.339

CEB model (2010) 0.001 0.182 4.12 0.82 0.044 0.221

0.01 0.220 4.24 0.85 0.052 0.259

0.1 0.238 4.56 0.91 0.052 0.261
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than the critical value. But FPZ increases to 25.8  mm 
rapidly and is 0.37 times of the effective height. There-
after, FPZ and CTOD continuously propagate with the 
mechanical loading process. When 16% of the peak load 
is reached in the post-peak region, CTOD increases to 
0.155  mm, approaching the critical value of 0.159  mm, 
and FPZ reaches its maximum value of 59.94 mm, which 
is 0.86 times of the effective height. The macrocrack 
forms when CTOD increases further and exceeds the 
critical value. At the stage, the length of FPZ decreases 
rapidly. The determination method of COD curves and 
FPZs along the whole specimen height in specimen A 
is shown in Fig.  12. It can be seen from the figure that 
when the load reaches 15% of the peak load in the post-
peak region, the macrocrack propagates forward, and the 
COD is 0.159 mm at the height of 4.08 mm, which is the 
starting point of FPZ. The length of FPZ is 58.65  mm, 
which is 0.84 times of the effective height at this stage. 
When the specimen is loaded to 10% of the peak load 
in the post-peak region, the macroscopic crack previ-
ously extends to location of 27.54  mm at Y-axis, where 
the COD is 0.159 mm, as a result, the FPZ length sharply 
decreases to 36.86 mm, which is 0.53 times of the effec-
tive height. When the specimen is loaded to 6% of the 
peak load in the post-peak region, the macroscopic crack 
previously extends to location of 34.80  mm at Y-axis, 
where the COD is 0.159 mm. Therefore, the FPZ length 
sharply decreases to 29.60 mm, which is 0.42 times of the 
effective height.

When CTOD exceeds the critical value, a new marco-
crack is formed at the front of the initial crack. In order 
to distinguish FPZ with partial cohesive force, we call 
the region of the marcocrack as the traction-free zone. 

It can be seen from Fig. 12 that the slope of the COD-Y 
curve decreases significantly after the traction-free zone 
is formed, especially after the traction free zone develops 
to a certain extent, e.g. the loading stage of P11. The above 
phenomenon is consistent with the two-stage process 
of post-peak softening section, namely the microcrack 
propagating process (the steep descreasing stage) and 
the aggregate interlocking process (the gentle decreasing 
stage). It provides a reliable theoretical basis for describ-
ing the mechanism of the softening section of concrete 
with the bilinear model.

In addition, the propagation speed of the macroscopic 
crack formed in the traction-free zone is relatively fast 
at the initial stage. When the load is reduced from 15 to 
10% of peak load, the macroscopic crack grows from 4 to 
28 mm. When the macroscopic crack continues to grow 
from 28 to 35  mm, the corresponding load decreases 
from 10 to 6% of peak load. Although the difference of 
load change is only 4%, the length of the macroscopic 
crack changes greatly.

Figure 13 gives the variation of FPZ length lp with effec-
tive crack length a under the strain rate of 0.001 mm/s. 
It can be seen from the figure that at first FPZ length 
increases linearly with the increase of effective crack 
length before stage P9. When loading stage P9 is reached, 
the FPZ length begins to decrease rapidly in the follow-
ing loading procedure. That is because that CTOD does 
not reach the critical value at the initial loading stage 
and at that time FPZ includes the area from the macro 
crack tip to the location of the maximum tensile strain. 
With the mechanical loading procedure, CTOD increases 
gradually and when it reaches the critical value w0, the 
FPZ length also increases to the maximum value. Spe-
cific details are shown in Fig.  13, where the FPZ length 
is 59.94 mm and the load is 16% Pmax. Afterwards, as the 
loading continues, the COD continues to increase, and 
the new macrocrack begins to propagate forward from 
the initial crack tip. The propagation speed is much faster 
than that of FPZ. Therefore, although the effective crack 
keeps on increasing slowly, the length of FPZ decreases 
rapidly.

The above phenomenon shows that the development 
of FPZ of pre-cracked concrete beams under three-
point bending loads can be divided into two phases. 
In the first phase, the crack propagation is prevented 
by the interlocking between aggregates and microc-
racks, and the growth speed of COD is comparatively 
slow. When the other phase (the load is about 1/6 Pmax) 
is reached, the interlocking between aggregates and 
microcracks gradually decreases until abrupt fracture 
occurs. At that time, the internal energy is released 
suddenly and causes the increasing speed of the COD, 
as well as the growth speed of the macrocrack, which is 
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consistent with the development trend of the P-CMOD 
curve obtained by the traditional clip-on extensom-
eter in the previous sections. As a result, the post-
peak region of P-CMOD can be divided into two parts. 
When the load is reduced from Pmax to 1/6 of Pmax, the 

first stage is defined, where the curve slope is large, and 
the COD grows slowly. The other region is the second 
stage, where the curve slope reduces, but the COD 
growth speed accelerates. Meanwhile, the development 
of COD determines the expansion of FPZ.

loading for specimen A
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Fig. 11  The developments of FPZ and crack opening displacement under monotonic loading for specimen A.
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4.2.2 � Specimen B (0.01 mm/s)
The loading rate of 0.01 mm/s in the controlling method 
of CMOD is used in the monotonic loading of Specimen 
B and the P-CMOD curve is shown in Fig. 14. To better 
analyze the fracture procedure of the specimen, 10 typi-
cal loading stages are marked in the figure.

Figure  15 shows the strain field cloud charts of the 
typical loading stages obtained by DIC method for 
specimen B. The strain field distribution when the load 
is smaller than 40% of Pmax in the pre-peak region is 
shown in Fig. 15a. It can be seen that although the load 
is comparatively small and strain concentration region 
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can be observed at the crack tip, the strain of the meas-
urement areas outside the strain concentration parts is 
cannot be ignored with the approximate value of 0.010. 
When P2 stage is reached, the strain concentration area 
propagates forward, and the strain of the measurement 
areas outside the strain concentration parts decreases 
to around 0.008. When the peak load is reached, a large 
variation in the strain field can be seen and the strain 
concentration area grows a lot, forming an obvious 
crack propagation path. Besides, the strain of the meas-
urement areas outside the strain concentration parts 
is released and decreases to approximately 0.0034. At 
the stage of P4, strain concentration area continues to 
propagate and the strain of the measurement areas out-
side the strain concentration parts is further released, 

which is however not so obvious. When the specimen 
is loaded to stage P5, the strain concentration area 
increases fast while the strain of other areas decreases 
to about 0.0007, almost in the state of no stress. Finally, 
in the subsequent loading stages, the strain concentra-
tion area continues to develop along crack propagation 
path, and the strain in other areas is fully released.

Figure 16 shows the FPZs and crack opening displace-
ment distributions of specimen B at the typical loading 
stages under the loading rate of 0.01  mm /s. When P1 
stage is reached, although a relatively obvious concentra-
tion strain area has been formed in the initial crack tip, 
the CTOD is only 0.01 mm, which is far less than the crit-
ical value of full opening. Therefore, only FPZ with length 
of 5.91 mm can be observed, which is 0.084 times of the 
effective height. When the specimen is loaded to 70% of 
the peak value, the CTOD is 0.012 mm and less than the 
critical value, therefore no macroscopic crack forms. At 
that time, the length of FPZ is 8.12 mm, which is 0.116 
times of the effective height. It can be seen from the 
shape of FPZs in the previous two stages that the devel-
opment path is not stable at the initial stage of loading. 
When the peak load is reached, the CTOD is 0.029 mm 
and less than its critical value, therefore still no mac-
roscopic cracking occurs. However, the length of FPZ 
increases rapidly to 32.43  mm and equals to 0.46 times 
of the effective height. At this point, the length of FPZ 
has grown to nearly half of the effective height, which 
gradually makes a clear development path and afterwards 
FPZ continues to propagate along the path. When load-
ing to 90% of the peak load in the post-peak region, the 
CTOD increases to 0.039 mm, which still does not reach 
the critical value, while FPZ grows to 35.19  mm, which 
is 0.5 times of the effective height. With the continuous 
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Fig. 12  Determination of FPZ lengths at different loading stages 
under the loading rate of 0.001 mm/s.
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loading process, FPZ continues to propagate and CTOD 
also keeps on increasing. When 20% of the peak load is 
reached, CTOD becomes 0.193 mm, exceeding the criti-
cal value of 0.187 mm, and a macrocrack emerges at the 
crack tip. At that time, FPZ reaches the maximum value 
of 63.92  mm and is equal to 0.91 times of the effec-
tive height. At the following stages, CTOD continues to 
increase with the macrocrack propagating forward and 
FPZ increasing until the complete failure.

Based on the development of FPZ and crack opening 
displacement curve above, the FPZ length can be deter-
mined. Figure 17 indicates that when the loading rate is 
0.01 mm/s, the FPZ length of specimen B changes with 
the length of the effective crack. It can be seen from the 
figure that, just as specimen A, CTOD does not reach the 
critical value at the initial loading stage. At that time, FPZ 
includes the area from the initial crack tip to the location 
of the maximum strain and the length of FPZ increases 
linearly with the increase of the effective crack length. 
When CTOD increases to the critical value, FPZ is fully 
developed to the maximum value of 63.92  mm, which 
is indicated by the point of P8 in Fig. 17 at about 20% of 
Pmax.

4.2.3 � Specimen C (0.1 mm/s)
The loading rate of 0.1 mm/s in the controlling method of 
CMOD is used for specimen C and the P-CMOD curve 
is shown in Fig. 18. Ten typical loading stages are marked 
in order for better analysis of the fracture development 
process. It should be noted that since the loading rate 
of specimen C is comparatively fast, it is hard to obtain 
the images of each loading stage even with a high-speed 
camera. As a result, the corresponding loading stage can 
only be found on the P-CMOD curve based on typical 
images those have been taken.

Figure  19 shows the strain field distributions at typi-
cal loading stages in Fig.  18 obtained by DIC method 
for specimen C. On stage P1, the strain field distribution 
before 3% of Pmax is reached in the pre-peak region can 
be observed. It can also be seen that the strain concentra-
tion areas are not formed at the crack tip due to the small 
load, but distribute randomly in the entire measurement 
area, which are mainly caused by initial defects in the 
specimen. At stage P2, a significant strain concentration 
area forms at the crack tip, and the stress in the measure-
ment areas outside the strain concentration area releases, 
with the strain quickly dropping to about 0.005. It should 

Fig. 15  The strain fields of concrete specimen B on different loading stages by using DIC method.
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Fig. 16  The developments of FPZ and crack opening displacement under monotonic loading for specimen B (0.01 mm/s).
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Fig. 16  continued
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Fig. 17  The variation of FPZ length with effective crack length for 
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be noted that due to the fast loading rate, the image is not 
available at peak load. At the following stage P3, where 
the stress is 73% of Pmax, the strain field changes and the 
strain concentration area increases significantly, forming 
an obvious crack propagation path. Meanwhile, the stress 
in the measurement areas outside the strain concentra-
tion area further releases, with the strain decreasing to 
about 0.002. At P4 stage, the strain concentration area 
continues to increase and the stress almost completely 
releases outside the strain concentration area. Mean-
while, the crack propagation path is almost completely 
determined at the stage, after which the strain concen-
tration area continues to develop slowly along the crack 
propagation path that has formed. What’s more, the 
strain concentration area on the subsequent stages is thin 
and long, and the strain outside the strain concentration 
area then completely releases.

Figure  20 exhibits the FPZs and COD distributions 
of specimen C at typical loading stages under the load-
ing rate of 0.1  mm/s. No strain concentration areas 
emerge at the crack tip at stage P1 and the FPZ length 
can be regarded as 0. At stage P2, the FPZ length grows to 
25.6 mm rapidly and equals to 0.36 times of the effective 
height. The CTOD is 0.016 mm and is smaller than the 

critical value, therefore no macroscopic cracks forms. It 
should be noticed that the FPZ length has exceeded one-
third of the effective height, which contributes to a clear 
crack propagation path. At P3 stage, CTOD increases to 
0.055 mm and it is still smaller than the critical value of 
COD, and no complete cracking occurs. The FPZ length 
increases to 43.03  mm quickly and is 0.61 times of the 
effective height. Afterwards, FPZ continues to propa-
gate along the path. At stage P7 (the load is around 33% 
of Pmax), CTOD increases to 0.185  mm, approaching 
the critical value of 0.187 mm, and a macroscopic crack 
emerges at the initial crack tip. The FPZ length reaches 
the maximum value of 59.32 mm and is 0.85 times of the 
effective height. In the following stages, CTOD further 
increases with the macroscopic crack and FPZ develop-
ing continuously.

Figure 21 shows the variation of FPZ length with effec-
tive crack length for specimen C under the loading rate of 
0.1 mm/s. Despite the different loading rates, the devel-
opment law of FPZ with the macroscopic crack is almost 
the same with those of Specimen A and Specimen B. For 
Specimen C, the fully developed FPZ length is 59.32 mm 
with the corresponding stress of 33% of Pmax in the post-
peak region.

Fig. 19  The strain fields of concrete specimen C on different loading stages by using DIC method (0.1 mm/s).
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Fig. 20  The developments of FPZ and crack opening displacement under monotonic loading for Specimen C.
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4.3 � The Influence of Loading Rates on FPZ Length
As a typical quasi-brittle material, concrete is highly 
influenced by loading rates, which makes it imperative to 
study the influence of loading rates on the development of 
concrete FPZ. As a result, monotonic loading conditions 
with different loading rates of 0.001  mm/s, 0.01  mm/s 
and 0.1 mm/s are considered in the tests. Figure 22 indi-
cates the variations of FPZ length with effective crack 
length on these loading conditions. It can be seen that 
before CTOD reaches the critical value, the length of 
FPZ increases with the increasing of the effective crack 
length, which is defined as the sum of the length of the 
initial crack and FPZ. As loading procedure continues, 
CTOD keeps on increasing, and when the critical value 
is reached, the speed of the macrocrack propagation is 
faster than that of FPZ. Although FPZ length decreases, 
the total effective crack length still increases slowly. As 
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a result, during the entire loading process, FPZ length 
firstly increases and then decreases with the increas-
ing of the effective crack length. What’s more, it can be 
concluded that a maximum value exists for FPZ length 
about 60  mm with the corresponding effective crack 
length of 90 mm. It can be found that there is not obvi-
ous influence of loading rates on the maximum value. 
However, when the specimens fail, the effective crack 
length increases but the FPZ length decreases with the 
increasing of the loading rate. It indicates that when the 
loading rate is faster, not only the effective crack length 
is larger, but also the proportion of the macroscopic 
crack increases. The reason for the above phenomenon 
may be explained by that more cracks in FPZ can fully 
develop under the slow loading rate. Since cohesive stress 
exists in FPZ caused by the interlocking of microcracks 
and aggregates, the cracks in FPZ can develop more suf-
ficiently and makes the macrocrack path develop longer 
when the loading rate decreases. When the loading rate 
is fast, there is no enough time for the cracks in FPZ to 
fully develop. Therefore, the cracks will propagate along 
the weakest side, which leads to fewer microcracks and 
the larger macrocrack.

Figure  23 shows the variations of the effective crack 
length with standard value of load under three different 
loading rates. This section focuses on the crack propaga-
tion law in the post-peak region. It can be seen that the 
effective crack length increases with the decreasing of the 
post-peak load. The effective crack length increases with 
the increasing of loading rate.

Figure  24 shows the variations of FPZ length with 
standard value of load under different loading rates. Just 
as the previous section, only the values in post-peak 
region are studied. It can be seen that the FPZ length 

firstly increases and then decreases with the decreasing 
of load. There is a maximum value of FPZ when it devel-
ops sufficiently. Before the maximum value, the length of 
FPZ decreased with the increasing of loading rate under 
the same standard value of load. The reason for the above 
phenomenon may be explained that the faster the load-
ing rate is, the time is not less abundant for FPZ to fully 
develop, and fewer microcracks form. On this condi-
tion, FPZ develops rapidly along the main crack path. 
The above mechanisms result in that the standard value 
of load corresponding to the maximum length of FPZ 
decreases with the increasing of loading rate. After the 
FPZ length reaches its maximum value, the FPZ length 
decreases with the decreasing of loading rate under the 
same standard load. It can be explained that the crack in 
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0 20 40 60 80 100
30

40

50

60

70

80

90

100

)
m

m(
a

P/Pmax (%)

0.001 mm/s
0.01 mm/s
0.1 mm/s

(a)

Fig. 23  The variations of the effective crack length with standard 
value of load under different loading rates.

0 20 40 60 80 100
0

10

20

30

40

50

60

70
(b)

)
m

m(
pl

P/Pmax (%)

0.001 mm/s
0.01 mm/s
0.1 mm/s

Fig. 24  The variations of FPZ length with standard value of load 
under different loading rates.



Page 21 of 25Bu et al. Int J Concr Struct Mater           (2020) 14:25 	

FPZ propagates sufficiently under the less loading rate. 
The FPZ with cohesive stress form a new macroscopic 
crack in a faster speed and FPZ length decrease instead.

5 � FPZ Softening Model
5.1 � Softening Model of Concrete
Based on the fictitious crack model, the crack of concrete 
can be divided into the actual macroscopic crack and 
the fictitious crack. In the actual macroscopic crack, the 
crack surface does not transfer any stress. As for the fic-
titious crack, since the aggregate interlocking can trans-
fer part of the weak cohesive stress, it is assumed by the 
definition of the fictitious crack. The end of the fictitious 
crack is connected with the actual crack, where the cohe-
sive stress is 0. Moreover, the tip of the fictitious crack 
is connected with the undamaged linear elastic part of 
concrete, where the cohesive stress is equal to the tensile 
strength of the concrete material. The schematic diagram 
of mode I crack propagation based on the fictitious crack 
model is shown in Fig. 25.

It can be seen from the above analysis that DIC method 
can be used to test the strain field at the crack tip of the 
pre-cracked concrete beam under the bending load. So 
that the development and evolution trend of FPZ can be 
observed intuitively. The cause of the softening proper-
ties of concrete is the existence of FPZ because cohesive 
stress exists between the aggregates in FPZ. The cohesive 
stress will decrease continuously with the development 
of the crack until the crack fully develops or the aggre-
gates are pulled out. As a result, the relationship between 
cohesive stress and COD is the constitutive properties 
of concrete materials. In the process of the pulling pro-
cedure of aggregates or the fracture surface opening, as 
a result of bonds between fracture surfaces, there is only 
little deformation in the aggregate bridging interfaces 
compared with the deformation between the crack sur-
faces. Therefore, in the post-peak region, CTOD first 

increases slowly and then increases fast abruptly. It may 
be explained that the interlocking between the aggregates 
completely breaks and energy is suddenly released. At the 
same time, a new crack surface forms.

According to the DIC method mentioned in the previ-
ous sections, not only the crack propagation of concrete 
beams during the loading process can be tested, but also 
the actual macroscopic crack and the fictitious crack can 
be quantitatively distinguished. Moreover, the P-COD 
relationship of concrete in FPZ can be determined. In the 
study, the relationship between the cohesive stress and 
the COD in FPZ is assumed as bilinear curve as shown in 
Fig. 26. This model can reflect two most important mech-
anisms in FPZ, namely, the existence of microcracks 
and the cohesive stress between aggregates respectively. 
Therefore, it can be widely applied to the tensile softening 
constitutive model of concrete (Hillerborg et al. 1976). To 
be more specific, it is assumed that the steep decrease at 
the initial softening stage is caused by the microcracks 
in concrete materials and the plain decrease in the later 
parts is caused by the interlocking of aggregates in FPZ 
in the model.

The equations for the bilinear softening model are 
shown as follows:

The fracture energy and the tensile strength are both 
the important parameters in the application of the bilin-
ear softening model. Based on the Hillerborg’s model 
(Hillerborg et  al. 1976) mentioned in the previous sec-
tions, the parameters of the bilinear softening model for 
notched concrete beams under three loading rates have 
been calculated and shown in Table  3. It can be found 
that the fracture energy and the tensile strength both 
increase with the increasing of the loading rate. It demon-
strates that the concrete material has strain rate effect in 
softening curve. Since the variations of the parameters of 
the bilinear model are mainly dependent on the fracture 
energy and the tensile strength, more attentions should 
be paid to the relationship between the two parameters 

(1)







σ = ft − (ft − σ1)w/w1 0 ≤ w ≤ w1

σ = σ1(w0 − w)/(w0 − w1) w1 ≤ w ≤ w0

σ = 0 w > w0
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Fig. 25  The schematic diagram of mode I crack propagation based 
on the fictitious crack model.
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Fig. 26  The bilinear softening constitutive model of concrete.
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and the loading rate. By linear fitting method, the rela-
tionship between the fracture energy, together with the 
tensile strength, and the loading rate in the range from 
0.001 to 0.1 mm/s can be obtained.

where, Gf and ft represent the fracture energy (N/mm) 
and the tensile strength (MPa) of concrete, ẇ represents 
the loading rate (mm/s). Based on the model parameters 
above, the softening curves of FPZ of concrete under the 
three different loading rates are shown in Fig. 27. It can 
be seen that the area enclosed by the softening curve 
increases, i.e. fracture energy, the tensile strength, and 
the critical crack opening displacement increase with the 
increasing of the loading rate. It demonstrates that strain 
rate effect exists in the tensile softening constitutive rela-
tionship in FPZ for concrete materials.

In addition to the parameter determination method 
proposed in Hillerborg’s model, the CEB-FIP (1990, 
2010) also give the respective parameter determination 
method of the bilinear softening model. Based on the 
three models, the critical crack opening displacement 
can be determined by the following equation:

In different models, the determination of the parameter 
αF differs. For Hillerborg’s model, the value of αF is 3.5. 
In CEB-FIP (1990), the determination of αF is dependent 
on the maximum size of aggregates. When the maximum 
size of aggregates is 16  mm, the value of αF is 7, while 

Gf = 0.028 log(ẇ)+ 0.2693, R2 = 0.96

ft = 0.22 log(ẇ)+ 4.75, R2 = 0.94

(2)wc = αF
Gf

ft

when maximum size of aggregates is 32  mm, the value 
of αF is 5. Since the maximum size of aggregates in the 
study is 20 mm, the value of αF can be calculated as 6.5 
based on the interpolation method. In CEB-FIP (2010), 
the calculation method of the parameter is simplified 
and the value of αF is evaluated as 5 no matter what the 
maximum aggregate size is. The critical crack opening 
displacement is a threshold value to judge whether the 
macroscopic crack is formed, which is of great signifi-
cance to determine the FPZ length. Obviously, the larger 
the value of the critical crack opening displacement is, 
the shorter the FPZ length becomes. Since the applica-
tion of DIC method in this paper can determine the FPZ 
length more intuitively, it is quite practical to determine 
the model parameters. In addition to the determina-
tion of αF, the evaluation of the stresses at the turning 
points in the three models are different. In Hillerborg’s 
model, the stress at the turning point is suggested as 
1/3ft. In CEB-FIP models (1990, 2010), the stresses at 
the turning points are valued as 15% and 20% of the ten-
sile strength of concrete respectively. Since the values of 
the model parameters are different in the above models, 
the curve shapes are quite different, which are shown 
in Fig. 28. It can be seen that the curves of the CEB-FIP 
model (2010) and Hillerborg’s model are close. While 
the results of CEB-FIP model (1990) have a large devia-
tion from the calculation results of the other two models. 
It may be attributed to that the values of the stress and 
COD at the turning point are larger, while the value of 
the critical crack opening displacement is smaller. In the 
future research, a series of concrete fracture tests are still 
needed to be conducted to provide reliable experimental 
data for the establishment of more precious concrete sof-
tening model.

5.2 � Crack Propagation Process
The evolution of FPZ is controlled by CTOD. When 
CTOD exceeds the critical value, the fictitious crack 
turns into the macroscopic crack and FPZ continues to 
develop. Based on the assumption of the bilinear soften-
ing curve, FPZ can be divided into four stages, which 
are shown in Fig. 29. In the figure, a0 represents the ini-
tial crack length, a represents the effective crack length, 
which consists of the macroscopic crack and the fictitious 
crack, σ(y) represents the cohesive stress, w(y) represents 
the crack opening displacement, w1 and σ1 represent 
the crack opening displacement and the cohesive stress 
respectively at the turning point of the bilinear soften-
ing curve, ft and w0 represent the tensile strength and the 
critical crack opening displacement of concrete materi-
als, a(w0) represents the crack length from the location 
of the crack opening to the location of the crack open-
ing displacement w0, a(w1) represents the crack length 
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Fig. 27  The bilinear softening curves of concrete FPZ under different 
loading rates based on the Hillerborg’s model.
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from the location of the crack opening to the location of 
the crack opening displacement w1 and the FPZ length is 
defined as the difference value between a and a0.

From Fig.  29a, it can be seen that at the first stage, 
when the load on concrete specimen is small, the crack 
opening displacement w1 is within the range of the 

initial crack, and a(w1) < a0 is valid at that time. Under 
external loads, FPZ propagates forward. Since CTOD 
is smaller than w1 on that condition, the crack open-
ing displacement in the whole process is smaller than 
w1. As a result, it can be inferred from the figure that 
the cohesive stress is larger than σ1 and the constitu-
tive relationship of FPZ can be indicated by the first 
line (the upper part) in the bilinear softening curve. It 
can also be seen that no macrocracks emerge at the first 
stage, which corresponds to the linear part of P-CMOD 
curve of concrete.

With the increase of load, FPZ continues to propa-
gate forward and crack opening displacement keeps 
on increasing as well. When a(w1) > a0 and a(w0) < a0, 
the point corresponding to the crack opening displace-
ment w1 is within FPZ, while the critical crack open-
ing displacement occurs in the range of the initial 
crack. At that time, the development of FPZ goes into 
the second stage. The range from the location where 
the crack opening displacement is w1 to the end of FPZ 
(a(w1) < y < a) in FPZ is totally within the first line part 
of the bilinear softening curve. From the initial crack 
tip to the place where the crack opening displacement 
is w1 (a0 < y < a(w1)), the constitutive relationship of 
the part can be represented by part of the second line 
of the bilinear softening model. The second stage cor-
responds to the nonlinear part in the pre-peak region 
of P-CMOD curve of concrete, where microcracks 
aggregates gradually and result in the nonlinearity of 
P-CMOD curve from the macroscopic perspective.

When the load reaches the maximum value (load-
ing capacity) of concrete specimens, the load gradu-
ally decreases with the increasing of the COD and 
P-CMOD curve enters the softening section. When 
CTOD increases to wt (a(w0) = a0), FPZ comes into the 
third stage. At that time, the FPZ length is the largest, 
which is from the macroscopic crack tip to the location 
where the COD is 0. Since the crack opening displace-
ment of the macroscopic crack tip reaches the critical 
value, macroscopic crack is always in the critical state 
of continuous propagation and the cohesive stress in 
the macroscopic crack decreases to 0. Under this con-
dition, the whole FPZ can be indicated by the entire 
bilinear softening curve and the stage is in correspond-
ence with the softening part of P-CMOD curve.

On the fourth stage, when the macroscopic crack 
tip opening displacement exceeds the critical value, 
the macrocrack propagates forward and the equation 
a(w0) > a0 is valid. Under this condition, FPZ starts to 
decrease and the relationship between the cohesive 
stress of FPZ and COD can be indicated by the soften-
ing constitutive model. The stage corresponds to the 
stable softening part of P-CMOD curve of concrete.

0.00 0.05 0.10 0.15 0.20 0.25 0.30
0

1

2

3

4

5

)aP
M(

ssertS

Crack opening displacement (mm)

Hillerborg mdoel
CEB model 1990
CEB model 2010

a Loading rate=0.001 mm/s

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0

1

2

3

4

5
b Loading rate=0.01 mm/s

)aP
M(

ssertS

Crack opening displacement (mm)

Hillerborg model
CEB model 1990
CEB model 2010

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
0

1

2

3

4

5
c Loading rate=0.1 mm/s

)aP
M(

ssertS

Crack opening displacement (mm)

Hillerborg model
CEB model 1990
CEB model 2010

Fig. 28  Bilinear softening curves based on different models.



Page 24 of 25Bu et al. Int J Concr Struct Mater           (2020) 14:25 

6 � Conclusions
In this paper, monotonic fracture tests of concrete beams 
with initial cracks under different loading rates were car-
ried out and DIC method was used to measure the whole 
field displacement and crack opening displacement of 
concrete beams. Based on the fictitious crack theory and 
bilinear softening curve, a softening model of concrete 
was established with corresponding mechanical proper-
ties and propagation law of FPZ quantitatively described 
and analyzed. The main conclusions can be drawn as 
follows:

1.	 As a non-contact nondestructive testing method, 
DIC technology is feasible in the deformation meas-
urement of concrete materials. The P-CMOD curve 
obtained by DIC method is almost the same as that 
measured by the traditional clip-on extensome-
ter. What’s more, the shape of P-CTOD curve is in 
accordance with that of P-CMOD curve obtained 
by DIC method. However, it can be observed that 
CTOD is always smaller than CMOD as the different 
test positions.

2.	 Based on the assumptions of the fictitious crack 
model and bilinear softening curve, the authors have 
proposed softening models of concrete under dif-
ferent loading rates. The tensile strength and frac-
ture energy as the fracture parameters of concrete 
increase obviously with the increasing of loading rate.

3.	 The developments of FPZ and the effective crack on 
different loading stages are obtained by using DIC 
method. Meanwhile, it is found that FPZ length first 

increases and then decreases with the increasing of 
the effective crack length. FPZ reaches the maximum 
value of about 60 mm under the three loading rates 
when the CTOD is equal to the critical crack open-
ing displacement. The load corresponding to the 
maximum FPZ increases with the increasing of load-
ing rate and the load values are 16%, 20% and 33% of 
the peak load under the loading rate of 0.001 mm/s, 
0.01 mm/s and 0.1 mm/s.
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