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This paper describes an approach to predict the mechanical and 
fracture behavior of cement-based systems by combining thermo-
dynamic and finite element analysis models. First, the reaction 
products in a hydrated cementitious paste are predicted using a 
thermodynamic model. Second, a pore partitioning model is used 
to segment the total porosity into porosity associated with gel pores 
and capillary pores. A property-porosity relationship is used to 
predict the elastic modulus, tensile strength, and fracture energy of 
the hardened cement paste. The paste’s modulus, fracture energy, 
and tensile strength, along with information on the aggregate prop-
erties and interfacial transition zone properties, are used as inputs 
to a finite element analysis model to predict the flexural strength 
and fracture response of mortars.

Keywords: elastic modulus; finite element analysis (FEA); fracture; 
mechanics; porosity; tensile strength; thermodynamic modeling.

INTRODUCTION
The concrete industry is actively working on reducing 

the CO2 emissions associated with conventional concrete 
manufacture through several approaches.1,2 First, the clinker 
content of concrete can be reduced by substituting a portion 
of the ordinary portland cement (OPC) with supplementary 
cementitious materials (SCM) or filler powders.3-7 Second, 
the paste content in the concrete can be reduced through 
appropriate mixture design.8-11 Third, the service life of 
the concrete can be improved, thereby reducing the annual 
carbon content.

This paper discusses an approach to lower the cement 
content used in concrete through improved mixture design 
by providing a tool to predict the mechanical behavior of 
concrete more accurately. Conventional mixture design 
approaches often rely on the use of empirical/experimental 
predictions of the performance of concrete,12 especially 
when nonconventional cements and SCMs like fly ash, slag, 
silica fume, and so on, are used.13 This often does not take 
full advantage of the benefits of the SCM being added to the 
system, such as improvements to the compressive strength 
of concrete made with the SCM.14-17 Sometimes, empirical 
modifications are made to predict the compressive strength 
of systems containing SCMs like fly ash18; however, these 
calibrations are typically SCM-specific. Many historical 
SCM sources are changing or becoming less available,3,5,19 
and as a result, there has been a desire to identify alterna-
tive SCMs (for example, municipal waste incineration ash, 
bottom ash, boiler slag, natural pozzolans, and agricultural 
waste ash),20-29 and to develop approaches to use off-spec 

materials.20 Testing each SCM individually to predict 
the performance of concrete made with the SCM is time- 
consuming and expensive. There exists a need for robust 
tools to predict the performance of concrete using these 
SCMs (for example, strength, diffusivity, time to corrosion, 
shrinkage, and freezing-and-thawing performance).

There is a growing body of research that uses thermody-
namic models to predict the reaction products for cementi-
tious materials.30-37 While powerful, these techniques do not 
describe the spatial distribution of these reaction products. 
For example, they can predict the total pore volume but 
not the size and distribution of the pores. To overcome this 
limitation, the authors have developed an approach, the pore 
partitioning model (PPM), to interpret the results of the ther-
modynamic calculations to predict the pore structure.38,39 
Computational tools have also been developed that can 
link thermodynamics, kinetics, pore structure information, 
and predicted performance.17,40,41 This tool requires several 
inputs, including the chemistry of the binder used (OPC 
and SCM chemistries and contents, and the SCM reactivity, 
which can be measured using a pozzolanic reactivity test42-44), 
the physical properties of the concrete constituents (specific 
gravity and fineness of the OPC and SCMs, aggregate prop-
erties, and so on), and the mixture proportions of the concrete 
(amounts of air, paste, and aggregate). The tool can then 
be used for any cementitious material combination, in any 
proportion, to predict key properties of the hydrated system, 
including strength, porosity, electrical resistivity, forma-
tion factor, and ionic diffusion coefficients.8,16,17,40,41 These 
predicted properties have been used to develop performance- 
based mixture proportioning methods8,20 and service life 
prediction models.45

Despite these recent developments, there are opportunities 
to improve the models. For example, in the performance- 
based mixture design tool noted earlier,8,20 the compressive 
strength was predicted using the empirical gel-space ratio 
from Powers and Brownyard,46 which was developed for 
OPC systems. The flexural strength was then calculated 
using the empirical relation to compressive strength from 
ACI 318-19. Several researchers have been examining ways 
to improve the strength predictions for OPC + SCM systems, 
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such as coupling micromechanical models with thermody-
namic modeling15,47-51 or by using computer simulations 
such as CEMHYD3D.52 Approaches using fractal scaling 
have also been proposed to predict the mechanical response 
of cementitious composites.53 While these approaches 
are promising, there is a potential to predict mechanical 
behavior using fracture mechanics.54-58 Fracture mechanics 
can natively predict flexural strength,54,55,58 which can be 
used as a target criterion in the performance-based mixture 
design approach.

This paper proposes a framework that enables the mechan-
ical and fracture behavior of a heterogenous concrete to be 
predicted using the chemical composition and reactivity of 
the cementitious materials used and the mixture propor-
tions of the concrete. This is achieved through a four-step 
approach that predicts the reaction products of the paste 
and uses these products to determine the pore structure and 
mechanical properties. The framework is compared with 
experimental data on pastes and mortars. This framework is 
designed to be a generic tool that can be used to predict the 
fracture behavior of concrete using a wide variety of cement 
and alternative cement chemistries.

RESEARCH SIGNIFICANCE
This paper demonstrates a four-step framework to predict 

the mechanical response of cementitious composites using 
the outputs of thermodynamic modeling. Thermodynamic 
modeling is used to predict the reaction products, and a 
PPM predicts the porosity and pore volumes. This is used to 
predict the mechanical properties of the paste using property- 
porosity relationships and scaled to mortar and concrete 
using a finite element model (FEM). This approach considers 
the binder chemistry and pore volumes to predict concrete’s 
mechanical properties. The FEM approach considers the 
natural variability in the cementitious matrix and aggregate 
shape and distribution.

MODELING FRAMEWORK
The modeling framework developed to predict the 

mechanical and fracture characteristics of cement paste and 
mortar in this paper consists of four parts and is shown in 
Fig. 1. First, the chemical composition of the cementitious 
binder and mass fraction of the constituents are combined 
with a thermodynamic modeling framework (that includes 
kinetics) to predict the reaction products of OPC and OPC + 
SCM pastes.32-34,59,60 Next, the PPM is used to predict the 
paste porosity and volumes of different sizes of pores (gel 
and capillary pores).38,39 The predicted pore volumes are 
then used as inputs to a property-porosity model61,62 to 
predict the elastic modulus (Ep) and fracture energy (Gp

c) 
of the paste. The Ep and Gp

c are used to calculate the tensile 
strength of the paste (ftp′) using the concepts of linear-elastic 
fracture mechanics (LEFM). The Ep, Gp

c, and ftp′ are then 
used as inputs to an FEM to predict the mechanical and frac-
ture behavior of mortar.

Thermodynamic model
Thermodynamic calculations are used to predict the 

volumes and compositions of the reaction products that form 
when cement paste hydrates. In this work, the GEMS3K 
software63 is used in conjunction with the default PSI/Nagra 
database and the CemData v18.01 database32 to predict the 
reaction products that form. This approach has been exten-
sively validated and shown to accurately predict the reaction 
products of OPC and OPC + SCM systems.32-34,63-65 While 
all possible phases that can form in cementitious binder 
systems are available in this database, the formation of sili-
ceous hydrogarnet, carbonate-ettringite, and OH-hydrotalcite are 
blocked from forming based on evidence from the literature 
that these phases are unlikely to form in significant quan-
tities at the time frames chosen in this study.38,40 The H/S 
of the C-S-H formed in the simulations was also corrected 
based on recent experimental evidence.32,65

Thermodynamic modeling allows for calculating the prod-
ucts of the cementitious and pozzolanic reactions at thermo-
dynamic equilibrium (that is, at an infinite time). However, 

Fig. 1—Four-step modeling framework proposed consists of: (a) thermodynamic model; (b) pore partitioning model (PPM); 
(c) property-porosity relations; and (d) finite element model.
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most cementitious systems are studied at a finite time and 
have not yet reached thermodynamic equilibrium. Kinetic 
models are often used in conjunction with thermodynamic 
models to predict the results of thermodynamic models at a 
given time. In this work, the modified Parrot-Killoh model66 
is used to calculate the degree of hydration (DOH) of the 
cement clinker phases (C3S, C2S, C3A, and C4AF) at a given 
age (denoted as DORph), which is the mass fraction of the 
clinker phase available to react at a given time. The mass 
fraction of minor oxides in the cement (Na2O, K2O, MgO, 
and SO3) is determined from the degree of clinker hydration 
following the method outlined in Taylor.67 The DOH of the 
system at a given age is the mass normalized DORph of the 
four clinker phases.

Pore partitioning model
Thermodynamic modeling can only provide the total 

amount of liquid water in the OPC paste after the hydra-
tion reaction occurs. Recent works38-40 have shown that 
thermodynamic models can be synergistically combined 
with the concepts of the Powers-Brownyard model68 using 
a PPM to calculate the volume fraction of gel solids, gel 
pores (pores less than 5 nm in size40), capillary pores (pores 
between 5 nm and a few µm in size40), and pores due to 
chemical shrinkage that are present in the OPC systems. The 
PPM has been successfully used to predict the porosity and 
pore volumes of OPC pastes.38 The PPM has been extended 
to OPC mortar and concrete materials to predict the total 
porosity and several porosity-related performance properties 
using a pore partitioning model for concrete (PPMC).17,40

The total porosity of the paste (ϕp in vol. %) is calculated 
as the sum of the volume fractions of gel water (vgw), capil-
lary water (vcw), and pores due to chemical shrinkage (vcs), 
as shown in Eq. (1)

 ϕp = vgw + vcw + vcs (1)

The porosity of the paste can be scaled up to calculate the 
porosity of the mortar system (ϕm) using the PPMC17 using 
the volume fraction of paste in the mortar (Vp), the volume 
fraction of the air voids (Vair), and the volume fraction of 
aggregates (Vagg), as shown in Eq. (2)

 ϕm = Vpϕp + Vair + Vaggϕagg (2)

where ϕagg is the porosity of the aggregate (in vol. % of the 
aggregate).

Property-porosity relations
The third step of the framework uses property-porosity 

relations to predict the mechanical properties of the paste—
that is, Ep, Gp

c, and ftp′. The pore volumes and distribution 
of hydration products are parameters that affect the mechan-
ical and fracture properties.69 A higher porosity in OPC 
systems typically means a lower load-carrying capacity due 
to the lower volume of hydrates. Pores can also act as stress 
concentration sites in the hydrated OPC paste and promote 
failure under loading by introducing microcracks. Hence, 

increasing the porosity of the paste reduces the material’s 
elastic modulus, strength, and fracture energy.70

A model proposed by Jelitto and Schneider61,62 that incor-
porates the porosity and the distribution of solids is used 
to predict the mechanical properties of the paste assuming 
an open porous microstructure (when all the pores are 
connected and some of the solid hydration products [the 
load-carrying phases] are connected, with some disconnec-
tions; refer to Fig. 3 in Jelitto and Schneider61 for a sche-
matic of the model).

The Ep and Gp
c is calculated using Eq. (3) and (4), 

respectively
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where ϕp is the paste porosity (calculated using Eq. (1)); 
Ep

ϕ = 0 and Gp
ϕ = 0 are the elastic modulus and fracture energy 

of the paste at a hypothetical state of zero porosity; and d is 
a geometric parameter of the paste microstructure calculated 
using Eq. (5)
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The values of Ep
ϕ = 0 are calculated using the rule of 

mixtures (using the series model to obtain the lower bound) 
and is calculated as shown in Eq. (6)
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where Egel is the elastic modulus of the hydrated gel 
phase (considered to be 29.25 GPa47); Eub is the elastic 
modulus of the unhydrated clinker grains (considered to be 
139.90 GPa47); vub′ is the volume of unhydrated clinker in 
the hypothetical zero-porosity system; and vgel′ is the volume 
of the gel phase in the hypothetical zero-porosity system. 
The values of vub′ and vgel′ are calculated using Eq. (7) and 
(8), respectively
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The ftp′ can be computed assuming cement paste is an 
ideal brittle material with a single crack using Eq. (9). 
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where ftp′ is the strength of the paste; and a is half the internal 
crack length.
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In general, LEFM can be considered as a good approxi-
mation for cementitious pastes when the crack size is larger 
than 1 mm.71 However, for smaller-length scales, the Grif-
fith equation tends to overestimate the flexural strength of 
ordinary cement paste.71 As the crack length and represen-
tative volume decreases, the characteristic fracture length 
scale becomes relevant, and other considerations should be 
considered.54 While in this work the initial crack size was 
calculated to be 0.3 mm from the ball-on-three-balls (B3B) 
experiments, a statistical approach is also used that takes 
into account the variability in the defect size and distribution 
of defects using a Weibull distribution of tensile strength and 
fracture energy in the finite element analysis (FEA) model.

FEA-based mechanical model for heterogenous 
materials

In the fourth step, two-dimensional FEA models54 are 
created to study the tensile strength development of mortar 
composites (refer to Fig. 1, block 4) using mechanical prop-
erties for the paste matrix determined from the previous step, 
along with the morphological and mechanical characteristics 
of the aggregate and interfacial transition zone (ITZ). This 
model integrates a continuum-based finite element approach 
and a bilinear cohesive zone model to predict the resulting 
tensile strength of mortar beams. The cohesive zone model 
introduces the nonlinear fracture mechanics concepts to the 
simulation to predict the fracture behavior of quasi-brittle 
materials,72-74 representing a progressive damage zone 
behind the crack tip. The interface elements are inserted 
between the bulk elements to transfer the normal and tangen-
tial forces until debonding. For instance, a two-dimensional 
boundary value problem of the mortar representative volume 
element is shown in Fig. 2(a). Schematics of three sets of 
interface elements inserted within fine aggregate particles, 
the cement paste matrix, and their interface are shown in 
Fig. 2(b). The cohesive interface law describes the evolution 
of tensile and shear tractions in terms of both normal and 
tangential displacement jumps within interface elements.

The normal tensile and shear traction at the interface is 
determined from the cohesive interface law. The nodal 
forces in the plane of the element are computed from the 
known interface traction as � � �T N tdSS S

T , where T′ is the 
force vector (Tn and Tt); t is the computed interface trac-
tion vector (tn and tt); and Ns is the shape function vector; 
all quantities are defined in the local coordinates of the 
element. The cohesive law for interface elements is formu-
lated in terms of normal and shear components of stresses 
σ = (Tn, Tt) on the interface element and corresponding 
relative displacements u = (un, ut), shown in Fig. 2(c) and 
(d). A bilinear cohesive law in opening and shear modes 
is implemented using the finite element package Abaqus.75 
Readers are referred to Esmaeeli et al.54 for further detailed 
information on the multiscale cohesive law development 
for cementitious systems. A Weibull strength distribution is 
used to account for: 1) the presence of preexisting defects 
in the material; and 2) the fact that these defects are smaller 
than 1 mm, and this is discussed in detail in the “Results and 
Discussion” section.

MODEL VALIDATION
This study uses the modeling framework of experiments 

to calibrate and validate the Ep, Gp
c, and ftp′ calculated using 

Eq. (3), (4), and (9), and the tensile strength of mortar (ftm′) 
predicted by the FEM. The Ep, ftp′, and ftm′ were measured 
experimentally for OPC pastes and mortars across a wide 
range of porosities. Experimental data from the literature 
was also used to validate the model predictions for Ep and 
Gp

c. Five paste and one mortar samples are prepared for 
each target porosity. Table 1 depicts the mixture proportions 
for paste and mortar samples for each target paste porosity. 
Note that the water-binder ratio (w/b) and curing durations 
for the mixtures were selected using the outputs of the PPM 
to achieve a target porosity. A Type I/II cement was used 
(53% C3S, 17% C2S, 7% C3A, 9% C4AF, 0.62% Na2Oeq, 
3.8% MgO, 3% CaCO3, and 2.8% SO3).

Preparing paste cylinders
Five cylinders of 50 mm diameter and 100 mm length 

were cast to measure the Ep using ultrasonic pulse velocity 
(UPV) and ftp′ using the B3B test. The pastes were cast 
following a modified version of ASTM C305-20,76 outlined 
in Bharadwaj et al.40 and Fu and Weiss.77 The cement was 
added to the mixing bowl and thoroughly dispersed by 
dry mixing in a vacuum mixer (203 mbar = 80% vacuum) 
at 300 rotations per minute (rpm) for 90 seconds. Next, 
water was added and the cement and water were mixed for 
90 seconds at 300 rpm. The mixer was then stopped for a 
15-second rest period, during which the material collected 
on the sides of the mixing bowl and paddle were scraped 
back into the bulk of the mixing bowl. After the rest period, 
the wet paste was then mixed for another 90 seconds at 
400 rpm. After the mixing, the fresh paste was cast into poly-
urethane molds, vibrated to remove the air (care was taken 
to prevent excessive bleeding), and sealed using plastic film 
and duct tape to prevent the loss of moisture. The molds 
containing the fresh paste were rotated for 24 hours after 
casting to minimize bleeding. After 24 hours, the samples 
were double-bagged to prevent moisture loss and sealed-
cured at 23 ± 2°C until the testing age.

Preparing mortar cylinders and prisms
The mortar was mixed following the procedure outlined 

in ASTM C305-20.76 Natural river sand with a maximum 
size of 4.75 mm (passing No. 4 sieve) was used in this 
work. The sand had a specific gravity of 2.65 and an absorp-
tion capacity of 2.7%. More details about the sand can be 
found in Bharadwaj et al.16 The sand was used in its satu-
rated surface-dry state to not change the w/b of the mixture. 
The fresh mortar was placed in prism molds which were 
pre-coated with a release agent. For this study, prisms of 
125 x 25 x 25 mm were cast. The mortar-filled molds were 
vibrated to minimize entrapped air within the sample, and 
care was taken to prevent excessive segregation. The molds 
were covered with plastic wrap to minimize evaporation and 
allowed to harden for 24 hours. After 24 hours, the prisms 
were demolded and cured in saturated lime solution until the 
testing age.
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Measurement of elastic modulus using UPV test
At the testing age, the cylinders were demolded and their 

ends were cut to ensure a flat surface to maximize contact 
with the UPV equipment. A UPV test kit was used to calcu-
late the time it takes for an ultrasonic pulse to travel across 
the sample. The length of the sample was measured using 
vernier calipers, and the velocity of the sound wave through 
the sample (vpulse) was determined by dividing the measured 

sample length with the measured pulse time. The elastic 
modulus of the material (E) was calculated using Eq. (10)9
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where ρ is the density of the material (calculated based on 
the mixture proportions); and υ is the Poisson’s ratio of 

Fig. 2—Schematic representation of two-dimensional mesostructure of heterogeneous cementitious material: (a) under mixed-
mode loading. This heterogeneous structure is composed of: (b) continuum bulk elements for paste and aggregate, and inter-
face elements for paste, aggregate, and ITZ, with cohesive law defined in: (c) cohesive opening model.

Table 1—Mixture proportions of paste and mortar mixtures

Name w/b Target ϕp
* Curing time, days Cement, kg/m3 Water, kg/m3 Sand, kg/m3

Paste

P-30 0.35 30% 56 1498 524 —

P-35 0.40 35% 56 1394 558 —

P-40 0.50 40% 56 1223 612 —

P-45 0.50 45% 10 1223 612 —

P-50 0.60 50% 10 1090 654 —

P-60 0.65 60% 3 1034 672 —

Mortar†

M-45 0.50 45% 10 612 306 1361

*ϕp are rounded to nearest 5%.
†Mortar samples are 50% paste by volume.
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the material (considered to be 0.29 for pastes and 0.20 for 
mortars from the literature77,78).

Measurement of strength using B3B test
The ftp′ was measured using the B3B test using 2.54 mm 

slices cut from the cylinders using a precision saw. The B3B 
test is an experimental approach for estimating the tensile 
strength of a thin disk-shaped sample loaded with the fourth 
ball from the top opposite the three balls.77,79-82 Börger et al.79 
stated that this test is free of alignment errors with less than 
2% characteristic error. It should be noted that the strength 
obtained by this is higher than that of beam tests, but this 
is likely due to size effects. Fu and Weiss77 suggested that 
samples tested with an effective volume lower than 100 mm3 
for paste samples are unlikely to exhibit a size effect.

The tensile strength of paste material is determined by 
calculation of maximum principal stress at the center of the 
disk using Eq. (11)77
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where R is the radius of the disk (mm); Ra is the radial 
distance from the center of the disk to the center of the 
support balls (mm); and c0 to c6 are dimensionless constants 
which are functions of Poisson’s ratio and Weibull modulus 
listed as follows: c0 = –16.35, c1 = 20.78, c2 = 622.62, c3 = 
–76.88, c4 = 50.38, c5 = 33.74, and c6 = 0.06.

Measurement of strength using three-point 
bending test

The tensile strength of the mortar prisms (ftm′) is measured 
using the three-point bending (3PB) test following the proce-
dure in ASTM C78/C78M-21.83 In this study, the tensile 
strength of one mortar mixture with a w/b of 0.50 cured for 
10 days (target paste porosity of 45%) was measured exper-
imentally. A beam of 25.4 mm depth x 25.4 mm width x 125 
mm length was tested. The tensile strength of the sample is 
calculated based on the recorded peak load (Ppeak), loading 
span (L), width (B), and thickness (D) of samples using 
Eq. (12)
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RESULTS AND DISCUSSION
Thermodynamic modeling and pore partitioning 
model

The first two steps of the framework proposed in this 
paper are the thermodynamic model and PPM, respectively. 
Figure 3(a) shows the output of the thermodynamic model 
(that is, volume fractions of reaction products) at the target 
porosity values. In general, an increase in the porosity is 
achieved by either an increase in the w/b or a decrease in 

the curing age (which translates to a lower overall DOH of 
the system). Therefore, systems with a higher porosity have 
a higher volume of pore solution in the system. The volume 
fraction of the reaction products is also lower in systems 
with a higher target porosity. The volume of unhydrated 
cement decreases as the water-cement ratio (w/c) increases 
at a given age due to an increase in the DOH at a given 
age (refer to porosity values of 30 to 40% and 45 to 50%). 
A decrease in the curing time at a given w/b results in the 
volume fraction of unhydrated cement increasing due to a 
lower DOH in systems cured for shorter durations (porosity 
values of 40 to 45% and 50 to 60%).

Figure 3(b) shows the Powers-Brownyard phases of the 
systems as a function of their target porosity. As the target 
porosity increases, the volume of capillary water increases 
as the increase in target porosity is achieved by increasing 
the w/b and/or reducing curing time. For the same reason, 
the volume of hydration products, gel solids, and gel pores 
decrease with increased target porosity.

Property-porosity relations
It is well-established that the pore network of cementi-

tious materials is connected with disconnections existing 
between some portion of the pores84 and some portion of 
the gel solids.85,86 In the property-porosity relations used 
(refer to Eq. (3) and (4)), the parameter n is related to the 
disconnections in the gel solids phase and is estimated by 
fitting the equation to the experimental measurements of 
elastic modulus. The Ep obtained from the UPV test is the 
dynamic modulus, and the static modulus is obtained by 
scaling down the measured value of Ep by 0.75 based on 
experimental observations in Trifone87; however, it should 
be noted that the mechanical properties used in this paper 
are a normalized value (that is, Ep/Ep

ϕ = 0), so this scaling is 
only performed for the experimentally obtained Ep in Fig. 4. 
Figure 4(a) shows a plot of the model predicted (lines) and 
experimentally measured (markers) Ep/Ep

ϕ = 0 as a function 
of the paste porosity. From the model predictions, it is seen 
that an increase in porosity decreases the Ep as there is a 
higher volume of voids and a lower volume fraction of load- 
carrying gel solids. At a given porosity, an increase in the 
parameter n leads to a lower Ep as n indicates the disconnec-
tions in the load-bearing phase. In general, the experimental 
measurements follow the trend of the model predictions, and 
all but one data point lie within n = 0.5 ± 0.15. The value of 
n = 0.5 is chosen for this work as it fits the experimental data 
to within 7%.

Figure 4(b) plots Gp
c/Gp

cϕ = 0 as a function of porosity. 
An increase in porosity leads to a lower Gp

c due to a lower 
amount of solid material, and an increase in n leads to 
a lower Gp

c at a given porosity due to an increase in the 
disconnectivity in the solid phase. The predictions of Gp

c for 
the limited experimental data from the literature88,89 is within 
3% for n = 0.5, supporting the chosen value of n.

Figure 4(c) shows the model predicted ftp′ and the experi-
mentally measured ftp′. An increase in the porosity decreases 
the ftp′ as the voids in the paste increase. An increase in n 
decreases the ftp′ as the number of disconnections in the load-
bearing hydrate phases increases. The predicted ftp′ is within 
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2% for n = 0.5, supporting the chosen value of n. The devia-
tion of the data point at ϕp = 60% from the trend line is likely 
due to the high w/b and low curing age chosen, resulting in 
a larger disconnectivity in the load-bearing phases, resulting 
in a lower Ep and ftp′.

Numerical predictions of mortar
Finite element model—The flexural strength of mortar 

(ftm′) is predicted using a finite element approach. A compu-
tational model of the 3PB test is created to predict the ftm′. 
The boundary conditions are simulated as rigid rollers with 
frictionless contact between the rollers and the mortar beam 
(Fig. 5(a)). A plain strain condition is chosen for the model, 
and the load is applied directly by the top roller, which is 
subjected to a prescribed displacement (δ). It is considered 
that the fracture process takes place inside a representative 
volume element (RVE),90 which contains the geometry and 
spatial distribution of different phases. In this study, the RVE 
contains three phases: cement paste, aggregate, and their 
ITZ. The mesostructure of the RVE is generated by scanning 
an optical image of a mortar sample and then importing it 
as a finite element mesh for the numerical analysis (refer 

to Fig. 5(b)). After generating the RVE, the cohesive inter-
face elements are inserted into the model54 (refer to Fig. 5(c) 
and (d)). To improve the computational efficiency, the RVE 
with cohesive interfacial elements is only embedded into the 
midspan of the mortar beam where the fracture process takes 
place. It is assumed that the region outside the RVE is free of 
inelastic deformation, damage, or cracks and is modelled as 
a continuum material representing the mortar with homoge-
nized properties. To determine the size of the RVE and avoid 
boundary effects, an RVE size analysis is performed (refer to 
Appendix A* for details).

A Weibull distribution is employed in the FEM to account 
for the effect of preexisting cracks on the resulting ftm′ 
prediction. It is considered that the preexisting cracks only 
occur in cement paste and the ITZ and assumed that the 
aggregate is free of preexisting cracks (that is, ftp′, Gp

c, ftITZ′, 
and �GITZ

c  have variability in the model). The Weibull distri-
bution for the ftp′ is given by Eq. (13),91 and the form of the 
Weibull distribution for the other parameters is similar.
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where ftp′ is the nominal strength; and m is the Weibull 
modulus, which controls the shape of the distribution around 
ftp′. The value of m for brittle materials, such as mortar and 
cement paste, can generally take a value between three and 
10.92,93 Figure 6(a) shows an example statistical histogram 
for the Weibull distribution of ftp′ with m = 5. Figure 6(b) 
shows an example where each cohesive element contains a 
different value of ftp (represented by color map).

Determination of E, ft′, and Gc—As shown in Fig. 5(a), 
the region of the mortar prism outside the RVE is modeled 
as a continuum material. As such, the E, ft′, and Gc of the 
components of mortar (that is, the cement paste, aggre-
gate, and the ITZ) need to be determined. For the cement 
paste, aggregate, and ITZ, the E for continuum elements, 
and the ft′ and Gc for cohesive elements need to be deter-
mined. The Ep, Gp

c, and ftp′ are calculated from the porosity- 
properties relations using the values of n = 0.5 and n = 1. 
The mechanical properties of the ITZ are difficult to char-
acterize as they are affected by the aggregate surface rough-
ness, aggregate types, and sample curing conditions.94,95 
Experimental results show that the ITZ is typically weaker 
than the cement paste.96-100 As such, the ftITZ′ and GITZ

c  are a 
fraction of the ftp′ and Gp

c. Following the literature,96,97 the 
ftITZ′ is 25% of the ftp′, and the GITZ

c  is 25% of the Gp
c. The 

Eagg, Gagg
c , and ftagg′ are obtained from Weiss et al.98 Table 2 

shows an example of the values of the mechanical proper-
ties that are used as inputs for the model for one system (ϕp 
= 30%). For the systems with other ϕp, the properties are 
obtained in a similar manner.

Influence of Weibull distribution on ftm′ prediction—
After the mechanical properties of the cement paste are 

*The Appendix is available at www.concrete.org/publications in PDF format, 
appended to the online version of the published paper. It is also available in hard copy 
from ACI headquarters for a fee equal to the cost of reproduction plus handling at the 
time of the request.

Fig. 3—Plots of: (a) reaction products; and 
(b) Powers-Brownyard phases as function of total porosity 
of paste. (Note: These plots are function of porosity as 
experiments were designed to capture behavior of property- 
porosity relations at wide range of porosities.)



112 ACI Materials Journal/March 2023

determined, a Weibull distribution is applied to the cement 
paste and ITZ strength and fracture energy to represent 
mortar samples with the same material properties but with 
random distributions of preexisting cracks. Four models for 
beams (with dimensions of 25 x 25 x 125 mm3) under a 3PB 
loading condition are developed with the same RVE, mate-
rial properties (cement paste with ϕp = 30% and n = 1), and 
Weibull modulus m. The value of m is assumed to be the 
same for the paste and ITZ and is considered as 5 following 
Esmaeeli et al.54 The only difference between these models 
is the distribution of preexisting cracks in the RVE obtained 
from Weibull distributions. Figure 7(a) presents the simula-
tion results of flexural stress-deformation curves for these 
four models. Up to a displacement value of 0.057 mm, all 
the models overlap; however, the samples failed at different 
stresses due to the random distribution of preexisting cracks. 
The model predicts a ftm′ of 12.84 ± 0.50 MPa. From the 3PB 
experiment described in the previous section, the standard 
deviation in the measured flexural stress is 0.53 MPa, which 

is consistent with the numerical prediction. Only the stan-
dard deviation of the experimental results and model predic-
tions are compared to validate the variation in the flexural 
strength prediction caused by the Weibull distribution; the 
average flexural strength will be discussed in a later section. 
From Figure 7(b), two crack patterns from the simulations 
are observed. Similar to the observations on the crack path in 
the experiment, the cracks propagate in different paths due to 
the random distribution of preexisting cracks. These consis-
tencies between experiments and simulations support the 
validity of the model and indicate that m = 5 is appropriate 
for the ftm′ prediction.

Influence of aggregate shape and distribution on ftm′ 
prediction—Three beam models (with dimensions of 25 x 
25 x 125 mm3) are studied under 3PB loading conditions 
to study the influence of aggregate shape and distribution. 
Studying the influence of aggregate size and minerology on 
the fracture behavior is outside this paper’s scope and can be 
found in Esmaeeli et al.106 and Santos et al.107 Studying the 

Fig. 4—(a) Elastic modulus; (b) fracture energy; and (c) tensile strength of paste as function of paste porosity.
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applicability of the model with different aggregate miner-
alogies is scope for future work. The material properties 
(cement paste with ϕp = 30%, n = 1, and m = 5), RVE size 
(Appendix A), and aggregate volume fraction (Appendix B) 
are identical for the three beams. Four simulations for each 
RVE are performed with the same Weibull parameters to 
account for the random preexisting cracks (indicated by the 
standard deviation in the ftm′ predictions). Figure 8 shows the 
ftm′ predictions, RVEs, and crack patterns in the RVEs. The 
ftm′ predicted for RVE (No. 1), (No. 2), and (No. 3) (which 
represent three different aggregate shapes and distributions 
generated) are 12.84 ± 0.50 MPa, 13.49 ± 0.49 MPa, and 
12.64 ± 0.64 MPa, respectively. The average ftm′ prediction 
for the three RVEs is 12.99 ± 0.44 MPa. The standard devia-
tion of the experimentally measured ftm′ is 0.53 MPa, which 
is consistent with the numerical prediction. The comparison 
of the variability indicates that the variation of ftm′ prediction 
due to the different aggregates shape and spatial distribu-
tion is reasonable, and the ftm′ predictions remain within the 
margin of experimental accuracy.

ftm′ prediction for mortar with different ϕp—After deter-
mining material properties and validating the FEA model 
framework, the influences of porosity (ϕp) on the ftm′ predic-
tions are studied. As mentioned in the previous section, 
3PB experiments for mortar beams (25 x 25 x 125 mm3 and 
ϕp = 45%) were conducted. A model for the same beam is 

Fig. 5—(a) Schematic of FEM showing loading conditions for 3PB test; (b) optical image of mortar sample and digitized meso-
structure of RVE (inset green box; length of white line indicates 5 mm); (c) RVE and FEM mesh; and (d) details of FEM mesh 
includes aggregates, paste, and ITZ between them. (Full-color PDF can be accessed at www.concrete.org.)

Fig. 6—(a) Histogram for Weibull distribution of ftp′ (orange 
curve represents Eq. (13)); and (b) example of cohe-
sive element strength distribution (triangular continuum 
elements were shrunk for illustration purposes). Color map 
represents ftp/ftp′ values. (Full-color pdf can be accessed at 
www.concrete.org.)

Table 2—Material properties of cement paste, ITZ, 
and aggregate

Properties ft′, MPa Gc, N/mm E, GPa

Paste, ϕp = 30%, n = 0.5 29.4 0.051 26.9

Paste, ϕp = 30%, n = 1 24.6 0.045 23.9

ITZ, n = 0.5 7.3 0.013 —

ITZ, n = 1 6.1 0.011 —

Aggregate 9.8 0.120 65.2
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developed to validate the ftm′ prediction. In addition, simu-
lations for mortar beams with ϕp of 30, 39, and 55% are 
also performed to investigate the influence of ϕp on ftm′. The 
model is run for two values of the disconnection parameter n 
(n = 0.50 and n = 1) to simulate the typically observed range 
of n in OPC pastes.

Figure 9 presents the ftm′ predictions and the experiment 
results for mortar beams with different ϕp. The measured ftm′ 
at ϕp = 45% is 8.44 ± 0.53 MPa and the ftm′ predicted by 
the model is 9.69 ± 0.21 MPa (for n = 0.5). The range of 
experimental ftm′ (7.72 to 9.43 MPa) lies within the exper-
imental margin of error (±1.5 MPa) to the model predicted 
ftm′ (9.33 to 9.87 MPa). Two data points from the litera-
ture101,102 are also plotted. The data point at ϕp = 52% ± 2% 
is closer to the n = 1 model curve, likely due to the early 
age of testing (3 days), resulting in a higher n. From the ftm′ 
predictions results, it can be observed that as the ϕp of the 

mortar increases, the ftm′ of the mortar decreases, which is 
consistent with results from the literature.99,103 The results 
suggest that the modeling can capture the influence of paste 
porosity (predicted from thermodynamic modeling) on the 
ftm′ development. The data to support each step of the model 
is in the typical range of ϕp seen in concrete (30 to 55%) and 
obtaining data beyond this range is scope for future work.

CONCLUSIONS
This paper described a four-step approach to predict the 

mechanical response of ordinary portland cement (OPC) 
systems. The first step in this process is the use of a ther-
modynamic model to predict the reaction products of the 
hydration reaction. The second step is using the results of 

Fig. 8—Flexural strength predictions and crack patterns 
from three RVEs with different aggregate shape and 
distribution.

Fig. 9—Experiment and simulation results for mortar beams 
with different ϕp; red and greed dashed lines are trend lines 
of simulation predictions with two values of disconnection 
parameter n (n = 0.50 and n = 1). (Note: Trend lines are 
intended to be visual guides; full-color PDF can be accessed 
at www.concrete.org.)

Fig. 7—(a) Simulation results of flexural stress versus defor-
mation curves for samples with same material parameters 
but random distribution of preexisting cracks; and (b) two 
crack patterns due to random distribution of preexisting 
cracks. Color maps represent random distribution of preex-
isting cracks (crack pattern No. 1 on top; crack pattern 
No. 2 on bottom). (Full-color PDF can be accessed at www.
concrete.org.)
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thermodynamic modeling as inputs to using a pore parti-
tioning model (PPM) to predict the porosity and pore 
volumes (volumes of gel pores, capillary pores, and pores 
due to chemical shrinkage) in the hydrated paste. The third 
step calculates property-porosity relations to predict the 
mechanical properties of the paste—that is, the Ep, Gp

c, and 
ftp′ as a function of the porosity. The disconnections in the 
hydrated gel solids (that is, the n value) is calibrated using 
experimental data, and using the value of n, the Gp

c and ftp′ 
are predicted. The fourth step in this paper is the use of finite 
element models (FEMs) to predict the mechanical behavior 
of mortars made with the OPC using the mechanical prop-
erties of the paste (from step 3) as the inputs. The model 
is run for two values of the disconnection parameter n (n = 
0.50 and n = 1) to simulate the typically observed range of 
n in OPC pastes; the model predictions (7.54 ± 0.35 MPa to 
9.69 ± 0.21 MPa) are similar to the experimental measure-
ments (8.44 ± 0.53 MPa) for the mortar beam with ϕp = 
45%, within the margin of experimental error. This four-
step approach natively considers the binder chemistry to 
predict the mechanical response of cementitious pastes 
and concrete. It can be coupled with a performance-based 
mixture design framework8 to natively predict the concrete’s 
flexural strength. Overall, this work is a step toward self-suf-
ficient models that predict concrete performance,45 which 
can be used as tools to better design low-carbon concrete.
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APPENDIX A 

In this section, we carry out an RVE size analysis to determine the smallest RVE needed for 

the simulations. We consider three mortar beams (with dimensions of 25 x 25 x 125 mm3) with 

square RVEs of lr=15mm, lr = 20mm and lr = 24 mm, which are analyzed under 3PB condition 

with the same material properties. To avoid boundary effects, the highest RVE is defined as 1mm 

away from the top of the beam. In each case, we vary the shape and spatial distribution of 

aggregates , while keeping the aggregate volume fraction constant. Figure A-1 shows the 𝑓𝑓𝑡𝑡𝑡𝑡′  

predictions for the three RVE sizes. The 𝑓𝑓𝑡𝑡𝑡𝑡′  predicted by the beams with RVE sizes of lr = 15mm, 

20mm and 24mm is 9.56±0.34Mpa, 8.33±0.32Mpa and 8.49±0.18Mpa, respectively.  These 

comparisons confirm that the 𝑓𝑓𝑡𝑡𝑡𝑡′  predictions of samples with lr =20mm and lr =24mm are very 

close given the error bars. As such an RVE size of lr = 20mm is selected for the rest of the 

simulations.  

 

 

Figure A-1. Flexural strength prediction for mortar beams containing RVE sizes of 
lr=15mm, lr = 20mm and lr = 24 mm 
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APPENDIX B 

The purpose of this study is to evaluate the effect of the aggregate volume fraction (𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎) on 

the 𝑓𝑓𝑡𝑡𝑡𝑡′  prediction. For such task, we consider mortar beams (with dimensions of 25 x 25 x 125 

mm3) with RVEs that have a statistically representative𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 of 28.6%, 34.3%, and 40.3%, which 

are analyzed under 3PB condition with the same material properties.  In addition, in our meso-

mechanical model, we consider that sand particles smaller than a few hundred microns are covered 

by hydration products and do not behave as aggregates, so they are excluded from the RVEs.108,109 

In the experiment described in section 3.4, the 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 of the mortar beam is 50%, and roughly 20% 

of the sand particles are smaller than 300 microns (are excluded from the RVEs). Thus, we estimate 

the maximum 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 in our model to be around 40%. Figure 12 illustrates the 𝑓𝑓𝑡𝑡𝑡𝑡′  predictions as a 

function of 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎. The peak stress obtained with RVE with 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 of 28.6%, 34.3%, 40.3% is 11.97 

MPa, 12.26 MPa, and 12.30MPa, respectively. We can see the 𝑓𝑓𝑡𝑡𝑡𝑡′  predictions are close to each 

other and the average 𝑓𝑓𝑡𝑡𝑡𝑡′  prediction from three RVEs is 12.18±0.18MPa. From the 3PB 

experiment described in section 3.4, the error bar of the 𝑓𝑓𝑡𝑡𝑡𝑡′  is 0.53 MPa. The results show that the 

error bar of 𝑓𝑓𝑡𝑡𝑡𝑡′  numerical prediction is small when compared to experiments, indicating that the 

different 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 only cause a minor amount of variation for 𝑓𝑓𝑡𝑡𝑡𝑡′  numerical prediction, and the effect 

of the 𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎 on the𝑓𝑓𝑡𝑡𝑡𝑡′  prediction can be ignored.   
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Figure B-1. Flexural strength predictions for RVEs with   aggregate volume fraction 
of 28.6%, 34.3%, and 40.3% 

 

REFERENCES 

108. Ergün, A., “Effects of the Usage of Diatomite and Waste Marble Powder as Partial Replacement of Cement on 

the Mechanical Properties of Concrete,” Construction and Building Materials, V. 25, No. 2, 2011, pp. 806-812. doi: 

10.1016/j.conbuildmat.2010.07.002 

109. Cyr, M.; Lawrence, P.; and Ringot, E., “Mineral Admixtures in Mortars: Quantification of the Physical Effects 

of Inert Materials on Short-Term Hydration,” Cement and Concrete Research, V. 35, No. 4, 2005, pp. 719-730. 


