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The study presented a shear strength equation for high-strength 
high-performance fiber-reinforced concrete (HS-HPFRC), 
including ultra-high-performance concrete (UHPC). This equation 
was designed for straightforward implementation, catering to the 
regular tasks of engineers. It considers various influences on shear- 
transfer mechanisms, including fiber bridging, fiber distribution, 
dowel action, cross-sectional shapes, and beam size effects. The 
equation does not rely on uniaxial tensile tests or inverse analysis of 
flexural tests; instead, it considers the statistical impact of fibers on 
shear strength. To generate the coefficients for this semi-empirical 
closed-form equation, an evaluation database of 118 HS-HPFRC 
and UHPC beams was constructed. The evaluation results revealed 
that the proposed equation has a mean of 1.00 and a correlation 
coefficient of 0.92, indicating low variation and high predictive 
accuracy. Furthermore, it outperformed existing equations and 
matched the accuracy of the machine learning (ML)-based models 
including support vector machines (SVM), random forest (RF), and 
artificial neural network (ANN), despite its comparatively simpler 
expression.

Keywords: beam shape; closed-form equation; fiber distribution; high- 
performance fiber-reinforced concrete (HPFRC); hybrid fibers; machine 
learning (ML); shear-transfer mechanism; size effect; ultra-high- 
performance concrete (UHPC).

INTRODUCTION
High-strength high-performance fiber-reinforced concrete 

(HS-HPFRC), including ultra-high-performance concrete 
(UHPC), exhibits tensile strain-hardening behavior, high 
ductility, and high compressive strength. The fiber bridging 
effect in HS-HPFRC and UHPC materials leads to a post-
cracking strength greater than the initial crack strength, 
enabling tensile stress redistribution and enhancing shear 
strength.1-4 Existing studies3,5 demonstrated that HS-HPFRC 
and UHPC beams with shear span-effective depth ratio 
(a/d) greater than 2.5 had a normalized concrete shear 
capacity that is at least double that of conventional concrete 
per ACI 318-19.6 The high shear strength of HS-HPFRC 
and UHPC beams opens the possibility of structural 
optimizations.1,4,7-10

The shear strength of HS-HPFRC and UHPC beams 
without stirrups is closely related to the tensile strength 
of concrete, especially when beam action predominantly 
governs the shear-transfer mechanism. However, there are 
still concerns about the current test methods for determining 
the tensile properties of HS-HPFRC and UHPC. A common 
method to determine the tensile strength of HS-HPFRC 
and UHPC is the uniaxial tensile test. Although there are 

several standards for uniaxial tensile tests on dog bone-
shaped and prismatic specimens,11-13 debates continue about 
the geometry and dimensions of the specimens as well as 
the test setup. In addition, conducting and interpreting these 
tests require high technical expertise, creating obstacles in 
generalizing the method. This is evident as only 31% of 222 
nonprestressed HS-HPFRC and UHPC beams tested in past 
studies1,5,7-10,14-39 reported the direct tensile strength of the 
material.

Design guidelines and standards from France,40 Switzer-
land,12 and Canada41,42 adopt inverse analysis of a flexural 
test to obtain the residual tensile strength of HS-HPFRC 
and UHPC for shear strength prediction. Standards such as 
ASTM C1609 and EN 14651 can be followed to conduct 
flexural tests, but these generate high variability43 in FRC’s 
residual tensile strength. Furthermore, Bencardino et al.43 
highlighted critical issues regarding flexural test procedures. 
Another crucial consideration is the inherent heterogeneity 
and anisotropy of HS-HPFRC and UHPC. This presents a 
challenge in directly correlating the shear strength at the 
structural scale with the tensile strength at the material scale.

This study aims to develop a reasonably accurate, reliable, 
and yet simple shear strength equation for nonprestressed 
HS-HPFRC and UHPC beams without stirrups. Rather 
than resorting to uniaxial tensile tests or inverse analysis 
of flexural tests, the equation incorporates semi-empirical 
factors to consider the statistical impact of fibers on beam 
shear strength. The predictive performance of the strength 
equation was evaluated by comparing it with existing shear 
strength equations and three newly developed machine 
learning (ML)-based models that were trained to optimize 
their prediction performance based on the established 
database.

RESEARCH SIGNIFICANCE
Shear strength equations for HS-HPFRC and UHPC are 

in design guidelines and standards12,40-42 but depend on 
tensile strength tests or inverse analysis of flexural tests, 
which are complex and challenging due to material hetero-
geneity and anisotropy. This study developed a simpler shear 
strength equation for HS-HPFRC and UHPC beams. Factors 
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including fiber bridging, dowel action, cross-sectional 
shapes, and size effects were considered. The equation was 
optimized using an established database of HS-HPFRC and 
UHPC beams. The proposed equation only relies on avail-
able design parameters, avoiding tensile and flexural tests. 
This offers a reliable tool for HS-HPFRC and UHPC design.

ESTABLISHMENT OF SHEAR DATABASE OF 
NONPRESTRESSED HS-HPFRC AND UHPC 

BEAMS WITHOUT STIRRUPS
Shear tests on FRC beams1,7-10,14-39 have been conducted 

to investigate the influences of fibers, a/d, coarse aggregate, 
and so on. In this study, a qualified database for the shear 
strength of HS-HPFRC and UHPC beams was established 
to provide an adequate subset for data-driven approaches. 
The collection database contained 222 shear tests on 
HS-HPFRC and UHPC beams.1,5,7-10,14-39 Then, the filtering 
criteria employed by Joint ACI-ASCE Committee 44544,45 
were modified and implemented to ensure the quality of the 
shear database for HS-HPFRC and UHPC beams. Table 1 
summarizes the seven data filters (DFs) used for the evalu-
ation database. The DFs can be categorized into the criteria 
associated with materials (DFs 1 and 2), dimensions (DFs 3 
and 4), damage patterns (DFs 5 and 6), and data adequacy 
(DF 7).

DF1 captured HS-HPFRC and UHPC beams with a 
minimum compressive strength of 80 MPa (11.6 ksi). DF2 
filtered out beams with concrete materials not classified as 
HS-HPFRC or UHPC by the original studies or those lacking 
evidence of tensile strain hardening. In DF2, the strain 
hardening criterion was defined by the condition where the 
post-cracking tensile strength σp exceeds the initial cracking 
strength σc.

DF3 is the minimum beam width. While DF3 was set to 
be 50 mm (1.97 in.) in the RC database,44,45 it was reduced 
to 30 mm (1.18 in.) in the study to account for the ultra-
high mechanical properties of HS-HPFRC and UHPC that 
facilitate structurally optimized cross sections. For DF4, the 
minimum height of the beams was set to be 70 mm (2.76 in.), 
as defined in the RC database.44,45

Two strict DFs were employed to ensure that the included 
beams had a peak strength controlled by diagonal shear 
damage rather than flexural behavior or other damage 
patterns. DF5 was implemented to only include the beams 
that were reported to have shear-critical failures. The figures 

of the beams’ failure patterns reported by the original authors 
were evaluated to verify the development of a multiple 
cracking pattern prior to the formation of shear crack local-
ization. Furthermore, to eliminate the possibility of including 
beams that had a flexure-shear failure—that is, reaching 
flexural capacity prior to shear failure—a conservative 
strength-based filter (that is, DF6: Vu,test/Vmn,ACI318 < 1.0) was 
employed, where Vu,test is the peak shear demand obtained by 
the experimental test, and Vmn,ACI318  is the shear demand of 
the beam when the nominal flexural strength is reached. The 
nominal flexural capacity of the beam (Mn,ACI318) was calcu-
lated according to ACI 318-19.6 It should be noted that the 
calculation ignores the contribution of fibers to the beams’ 
flexural capacity, which usually ranges from 10 to 25%.46 As 
a result, some beams excluded by DF6 could actually have 
a peak strength governed by shear failure. In the meantime, 
a closer inspection was conducted on the 222 beams with a 
Vu,test/Vmn,ACI318 = 1.0 to 1.3. The results indicated that several 
beams in this category displayed obvious flexural cracks 
prior to the formation of localized shear cracks. Therefore, 
it was considered reasonable to use the conservative DF6 
as it ensures only the beams with a peak strength controlled 
by shear failure were included in the database. The filtering 
results show that 136 out of the 222 beams fulfilled both 
DF5 and DF6.

The last DF, DF7, filtered tested beams with insufficient 
reported details for deriving the shear equation. Missing 
information about the beams included the property and 
volume fraction of fibers, a/d, effective depth, and shear 
strength.

The qualified database that fulfilled all DFs had 
118 beams. Table 2 summarizes the detailed information 
for the 118 beams and presents the range of values for 
key parameters. These parameters include the a/d, cross- 
sectional dimensions, shape of the beams, ρw (the ratio of As 
to bwd, where As is the area of nonprestressed longitudinal 
tension reinforcement), cylinder compressive strength fc', 
and the fiber reinforcement. Figure 1 shows the distribution 
of the beam shear strengths against different design parame-
ters. The data set included 81 rectangular beams, 33 I-shaped 
beams, and four T-shaped beams. The compressive strengths 
presented in Table 2 were cylinder strengths. The conversion 
factors of Graybeal and Davis47 for cubes to cylinders were 
used when the studies did not report the strength of both 
cylinders and cubes. The average compressive strength in 

Table 1—Filtering criteria for database of nonprestressed HS-HPFRC and UHPC beams

Data filters (DFs) Criteria Fulfilled Unfulfilled

Materials
1 fcʹ,cylinder ≥ 80 MPa (11.6 ksi) 222 0

2 σp > σc 222 0

Dimensions
3 bw = b ≥ 30 mm (1.18 in.) 222 0

4 h > 70 mm (2.76 in.) 222 0

Damage patterns
5 Evidence of shear failure 136 86

6 Vu,test/Vmn,ACI318 < 1.0 136 86

Data adequacy 7 All required design parameters for proposed equation are provided 204 18

Evaluation database Combination of critical criteria
(fulfilled-unfulfilled) 118 104
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the data set is 129 MPa (18,700 psi), with 23% of the beams 
exceeding a compressive strength of 150 MPa (22,000 psi). 
For the reinforcement, the average longitudinal reinforcing 
ratio ρ of As to bd was 4.8%, and the average fiber volume 
fraction Vf was 1.33%. The fibers used in the beams of the 
evaluation database included straight steel fibers (50%), 
hooked-end steel fibers (36%), polyvinyl alcohol (PVA) 
fibers (3%), and hybrid fibers (11%).

DEVELOPMENT OF PRACTICAL SHEAR 
STRENGTH EQUATION FOR HS-HPFRC AND 

UHPC BEAMS
A practical approach that balances simplicity and accuracy 

was developed to predict the shear strength of HS-HPFRC 
and UHPC beams without stirrups. The shear strength vu of 
the beams is assumed to consist of the shear components 
from the matrix vc and fibers vf as follows

 vu = λs [vc + vf] βs (MPa) (1)

vu =   √ 
_

   2 _ 
1 +   d _ 254  

     [Ae   (  f  c     ′   ρ  w     d _ a  )    
Exp.1

  +   (B  v  b  )    Exp.2 ]    (  b _  b  w    )    
Exp.3

    (2)

where λs is size effect factor6; βs is shape factor b/bw; e is 
dimensionless factor that accounts for arching action: e = 1 
for a/d > 3.4 and e = 3.4(d/a) for a/d ≤ 3.4; a is shear span 
(mm); d is effective depth (mm); fcʹ is cylinder compressive 
strength (MPa); b is width of the beam for rectangular beams 
or width of the compressed flange for isolated flanged beams 
such as I-shaped or T-beams, or 2hf+bw for intermediate 
T-beams as per Cladera et al.48; bw is width of the web of the 
beam (mm); hf is thickness of the compressed flange (mm); 
vb is shear component associated with fibers; and A, B, and 
Exp. 1, 2, and 3 are empirical coefficients.

Table 2—Evaluation shear database of nonprestressed HS-HPFRC and UHPC beams 

Reference
No. of 
beams Shape b, mm bw, mm d, mm a/d ρw, % fcʹ, MPa Vf, % vu, MPa

Ashour et al.14 5 R 125 125 215 1.0 to 4.0 2.8 to 4.6 94 to 99 0.5 to 1.0 2.3 to 9.1

Shin et al.15 3 R 100 100 175 3.0 to 4.5 3.6 80 0.5 to 1.0 2.8 to 4.1

Vamdewalle and 
Mortelmans16 2 R 200 200 300 2.5 to 3.5 3.1 110 to 112 0.75 3.5 to 4.7

Wu and Han17 4 I 170 to 230 50 315 to 397 4.0 12.5 to 15.3 144 to 152 1.0 to 3.0 8.8 to 15.1

Dancygier and 
Savir18 2 R 200 200 273 2.7 3.5 109 to 111 0.75 3.7 to 3.8

Fehling and 
Thiemicke20 3 I 200 30 300 4.0 21.8 186 to 208 1 11.1 to 12.7

Shoaib21 1 R 300 300 920 3.0 2 80 1 2.3

Spinella et al.22 2 R 150 150 219 2.0 to 2.8 1.9 80 1 3.5 to 4.3

Yang et al.8 6 I 500 50 640 2.5 to 3.4 6.8 169 to 193 1.0 to 2.0 8.7 to 19.2

Aziz and Ali23 4 R 120 120 150 to 270 1.0 to 2.0 3.9 to 4.0 135 0.4 5.3 to 14.7

Cuenca24 4 I 130 90 308 2.9 3.7 84 to 96 0.63 2.3 to 4.0

Rawashdeh25 4 R 120 120 188 2.2 to 3.3 5.6 95 0.4 to 1.2 3.9 to 6.6

Hong et al.10 9 I 250 40 445 to 625 2.5 to 3.5 15.9 to 22.3 160 to 170 1.0 to 1.5 13.9 to 25.1

Mészöly and 
Randl29 6 I 200 60 314 3.5 11.7 160 to 188 1.0 to 2.0 10.6 to 19.0

Bermudez and 
Hung5 21 R 165 165 260 1.5 to 3.3 7.6 94 to 136 0.75 to 2.25 4.0 to 19.0

Yavaş et al.32 13 R 100 100 124 4.0 5.1 127 to 140 0.5 to 1.5 2.9 to 5.1

Hung and Wen33 7 R 165 165 260 1.5 to 3.3 7.6 91 to 119 0.75 to 1.50 6.4 to 17.8

Jin et al.34 1 I 300 70 350 2.0 6 106 0.75 9.1

Wang et al.35 4 R 150 150 199 1.8 to 2.3 6.6 to 8.2 127 2 11.9 to 14.2

Cao et al.37 5 R 150 150 200 to 219 2.3 4.5 to 8.2 117 2 7.5 to 14.2

Yang et al.38 8 R 250 250 269 to 280 1.5 to 3.1 5.6 to 7.2 130 to 152 2.65 9.0 to 14.4

Jabbar et al.39 4 T 350 140 240 2.0 to 3.0 2.9 113 to 127 1 5.4 to 7.4

Total 118

Min. 100 30 124 1 1.9 80 0.4 2.3

Max. 500 300 920 4.5 22.3 208 3.0 25.1

Mean 192 126 287 3 7.8 129 1.33 9.8

Note: 1 mm = 0.039 in.; 1 N = 0.225 lb; 1 MPa = 145 psi.
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In Eq. (1), the shear component contributed by the matrix 
vc is estimated as

 vc = Ae   (  f  c     ′  ρw   d _ a  )    
Exp.1

    (MPa) (3)

The combination of the terms e and fcʹρw(d/a) was 
suggested by Zsutty49 based on the results of shear tests on 
RC beams. It is also employed by Kwak et al.50 for esti-
mating the shear strength of steel fiber-reinforced concrete 
(SFRC) beams.

Narayanan and Darwish51 defined the fiber contribution to 
the shear strength of FRC beams in terms of the fiber effi-
ciency factor α, average fiber-matrix bond strength τ, and 
fiber factor F as

 vb = ατF (MPa) (4)

The fiber efficiency factor considers the anisotropic prop-
erties of FRC and accounts for the effects of fiber distribu-
tion and orientation. Based on fracture mechanics, Romualdi 
and Mandel52 derived that the fiber efficiency factor is 0.41 
for FRC beams with diagonal shear cracks. Existing studies 
suggest that τ = 4.15 MPa (600 psi) for steel fibers53 and 
τ = 0.04 MPa (5.8 psi) for PVA fibers.54 Naaman55 derived a 
theoretical model for predicting postcracking tensile strength 
in FRC using statistical mechanics, taking into account the 
probabilistic nature of tensile strength and the weakest link 
hypothesis. In Naaman’s55 model, the tensile strength of a 
material is not considered as a volume average quantity, but 
rather as an extremum quantity. Key factors in Naaman’s 
statistical model for quantifying tensile strength include the 
distribution of fibers, the aspect ratio, pullout forces, and 
bond strength deterioration due to fiber density. The fiber 
factor inferred from Naaman’s55 tensile strength model can 
be expressed in terms of the aspect ratio (that is, length to the 
diameter ratio Lf/Df) and fiber volume fraction Vf. Narayanan 
and Darwish51 modified Naaman’s55 fiber factor by incorpo-
rating a bond factor df to consider the bond property of steel 
fibers as

 F =   (  
 L  f   _  D  f    )  Vfdf  (5) 

Kwak et al.50 proposed that the shear strength contribu-
tion of steel fibers in SFRC beams is linearly proportional to 
vb, and thus added a modification factor to vb. They subse-
quently derived a suitable empirical value for the modifica-
tion factor based on a database with 139 SFRC beams. Kwak 
et al.’s50 equation gives reasonable beam shear predictions 
for SFRC.

Based on the cumulative knowledge of the studies,50-52,55 
the fiber contribution to the shear strength of HS-HPFRC 
and UHPC beams was suggested in Eq. (6). The proposed 
equation’s applicability was extended to HS-HPFRC and 
UHPC beams with monofibers or hybrid fibers as shown in 
Eq. (7) and (8)

 vf = (Bvb)Exp.2  (MPa) (6)

 vb = 0.41 ∑n
i=1 τiFi (MPa) (7)

   F  i   =   ∑ 
i = 1

  
n
   (  

 L  f,i   _  D  f,i    )    V  f,i    d  f,i    (8)

where Lf,i, Df,i, Vf,i, and df,i are the length, diameter, fiber 
volume fraction, and bond characteristic for the i-th type 
of fibers, respectively; and n is the number of the types of 
fibers. The bond characteristics for straight steel fibers is 
0.5,51 for crimped fibers is 0.75,51 for hooked-end fibers is 
0.75, for indented fibers is 1,51 and for PVA fibers is 0.25.

The potential synergetic effect of hybrid fibers56 is admit-
tedly ignored in Eq. (7) due to its complex nature and insuf-
ficient studies. It is also worth mentioning that both fiber- 
matrix bond strength τ and the fiber efficiency factor α were 
derived for conventional FRC materials and their use for 
UHPC beams should be conservative. This is because the 
UHPC matrix has a higher bond strength with the fibers due 
to its high cementitious content. In addition, UHPC usually 
uses microfibers, which have a higher fiber efficiency than 
that of the macrofibers used in conventional FRC. Neverthe-
less, it is considered reasonable to limit the fiber efficiency 
in one-way shear because there is no structural redundancy.

Placas and Regan57 demonstrated the beneficial influence 
of the flange on the beam’s shear capacity due to the applied 
constraints on the beam web. They proposed that the increase 
in shear strength due to the presence of beam flanges can be 
estimated using the cross-sectional shape factor βs = b/bw. 

Fig. 1—Distribution of beam shear strengths against different design parameters.
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The incorporation of the cross-sectional shape factor βs in 
Eq. (1) extends the applicability of the equation to rectan-
gular, flanged, and T-shaped beams.

Minelli et al.58 demonstrated that for FRC beams, an 
increase in the beam effective depth reduced the normal-
ized shear strength. The size effect on the shear failure of 
HS-HPFRC and UHPC beams is a complex fracture phenom-
enon, causing a lack of a purely mathematical approach to 
account for it. Given the quasi-brittle nature of HS-HPFRC 
and UHPC, the nonlinear fracture mechanics size effect 
employed by ACI 318-196—that is,   √ 

____________
  2/(1 + [d/254])   —is 

applied in Eq. (1) as the general approximate mathematical 
form. The adequacy of the adopted general form is based 
on the fact that the shear failure pattern of HS-HPFRC and 
UHPC beams also agrees with two fundamental assumptions 
identified by Bažant and Yu59: 1) the shear failure is caused 
by cohesive fracture propagation; and 2) the maximum load 
is attained only after large fracture growth (rather than at 
fracture initiation).

Equation (2) assembled the parameters with proven influ-
ence on the shear strength of FRC beams. The generalized 
reduced gradient (GRG) nonlinear algorithm, implemented 
in Microsoft Excel’s Solver function, was used to calibrate 
coefficients using data from the established database. The 
primary goal of this algorithm was to minimize the objec-
tive function, herein defined as the coefficient of variation 
(COV), calculated as the standard deviation (SD) divided 
by the mean. The GRG algorithm operates iteratively, recal-
culating gradients and adjusting step sizes in each step. It 
mainly focuses on finding the nearest local optimum and 
employs techniques to potentially improve the chances of 
identifying a global optimum. The iterative process persisted 
until predetermined convergence criteria (set by default 
to 0.0001) were satisfied, culminating in the following 
proposed shear equation for HS-HPFRC and UHPC beams

   v  u   =  √ 
_

   2 _ 
1 +   d _ 254  

     [2.25e   (  f  c     ′   ρ  w     d _ a  )    
0.57

 +    (1.80  v  b  )    1.3 ]    (  b _  b  w    )    
0.35

     

  (MPa) (9)

It is interesting to note that the calibration results indicate 
that the shear component vb, originally proposed for conven-
tional FRC beams,51 is magnified by 1.8 times and an order 
of 1.3 for the HS-HPFRC and UHPC beams. This is likely 
because the tensile strain hardening behavior and high bond 
strength between fibers and matrix for HS-HPFRC and UHPC 
were not taken into account by the direct employment of the 
fiber-matrix bond strength τ and bond factor df suggested 
for FRC. These factors were intended to be calibrated due 
to the lack of sufficient experimental data. Notably, all the 
parameters in Eq. (9) are readily available to structural engi-
neers in the material identity card that is required in UHPC’s 
design guidelines and standards.40,41 Rather than the mate-
rial tensile or bending strength, the equation relies on the 
material compressive strength. Consequently, it prevents 
the complex details involved in the uniaxial tensile tests and 
bending tests, thus reducing the variance in the test results. It 
is important to note that the ASTM C39 standard practice for 

concrete compressive testing applies to UHPC with a minor 
modification on the loading rate, as stated by ASTM C1856.

EVALUATION OF PROPOSED SHEAR 
STRENGTH EQUATION

The performance of the proposed shear strength equa-
tion for HS-HPFRC and UHPC beams is assessed by 
comparing its predictions with the solutions obtained by 
multiple methods, including existing shear strength equa-
tions and ML-based models. In addition, the influence of 
different design parameters on the prediction performance 
was investigated.

Shear strength models
Development of ML-based shear strength model—Arti-

ficial intelligence (AI)60 is a promising approach for inter-
preting shear test data and generating shear equations. 
Existing studies have derived shear strength equations for 
FRC by using AI techniques such as genetic algorithm 
(GA), genetic programming (GP), and multi-expression 
programming (MEP).61-63 AI-based shear strength equations 
vary considerably in their expressions to address interac-
tions between design parameters. However, two critical 
issues emerge with AI-based shear equations. The first is 
that a reasonable and effective AI-based equation should be  
developed with sufficient subject matter expertise on 
concrete materials and structures. Some existing AI-based 
shear equations were developed by solely focusing on 
the deployment of AI algorithms without scrutinizing the 
accuracy of the data sets. For example, failing to compare 
a beam’s flexural capacity with its flexural demand during 
data cleaning could lead to errors in the shear strength data-
base. This might happen if beams with evident flexure-shear 
failure or flexure failure are mistakenly incorporated. The 
second issue is that most AI-based equations are only valid 
for a limited range of design parameters, which may lead to 
irrational results if not used carefully. For example, Solhmir-
zaei et al.’s63 equation predicts negative strength for beams 
with an a/d greater than or equal to 4. In addition, the equa-
tions by Sarveghadi et al.61 and Solhmirzaei et al.63 predict 
negative strength when synthetic fibers are used.

This study employed an unexplored path to predict the 
shear strength of HS-HPFRC and UHPC beams by gener-
ating an optimized threshold using supervised learning algo-
rithms with the evaluation database. Three proprietary ML 
algorithms from the software package TIBCO Statistica64 
were used to establish the threshold of the evaluation data-
base—namely, support vector machines (SVM), random 
forest (RF), and artificial neural network (ANN). The super-
vised learning algorithms had the reported shear strength as 
the target value and were fed with different sets of design 
parameters—Set 1: fcʹ, vb, F, a/d, b/bw, and ρw; Set 2: fcʹ, vb, 
a/d, b/bw, and ρw; Set 3: fcʹ, vb, a/d, and ρw; and Set 4: fcʹ, vb, 
a/d, b/bw, ρw, and λs.

Table 3 shows the performance obtained in the evalu-
ation database by the four sets of design parameters. The 
ANN models used a multi-layer perceptron (MLP) archi-
tecture, comprising multiple layers of interconnected artifi-
cial neurons. The notation of the ANN models in Table 3 
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indicates the input, hidden, and output layers. For instance, 
Set 1’s MLP has an input layer with six neurons, a hidden 
layer with six, and an output layer with one neuron. The 
training algorithm used in the ANNs of this study was the 
Broyden–Fletcher–Goldfarb–Shanno (BFGS), which is a 
second-order optimization algorithm. The SVM models 
employed the radial basis function (RBF) as a kernel func-
tion to transform the input data into a higher-dimensional 
feature space. The RF models implemented a hyperparam-
eter that generated random feature subsampling and reached 
convergence at 100 individual decision trees. To ensure 
consistent comparisons, a uniform split of 70% for training 
and 30% for testing across all AI models was adopted. The 
70-30 split was implemented as it is commonly chosen in 
data sets with limited data points due to its balance between 
training and testing.

The analysis of the results in Table 3 shows that, within 
Set 4, the ANN MLP 6-11-1 model demonstrated the 
highest predictive capability and accuracy, evidenced by 
the lowest spread (low COV and average absolute error 
[AAE]). This ANN model also had the highest number 
of neurons in the hidden layer across all parameter sets. 
When comparing with Set 4, the results indicate that 
the lack of the size effect factor in Set 1 led to predic-
tions that overestimated the shear capacity of beams with 
d ≥ 400 mm (16 in.). Furthermore, a sensitivity analysis  
demonstrated that the impact of the F parameter in Set 1 
was minor due to the inclusion of the vb parameter. It is 
interesting to note that compared to Set 4, the exclusion of 
the size effect factor in Set 2 also decreased the prediction 
accuracy in beams with d ≥ 500 mm (20 in.), implying that 
the ML-based algorithms identified the size effect in the 
data set. In addition to the size effect, the exclusion of the 
shape factor in Set 3 also reduced the prediction accuracy 
compared to Set 4. This shows that the shape factor enhances 
the applicability of the equation for different cross-sectional 
shapes. Therefore, the proposed equation’s performance was 
compared in the later section with the ML-based models 
developed using Set 4 design parameters.

Existing shear strength equations—The performance of 
the proposed shear equation is also compared with that of 
five existing shear equations. It should be noted that inter-
national design guidelines, standards, and equations that 
rely on the tensile strength of UHPC were not evaluated 
because of the insufficient tensile strength data reported by 
the studies that constitute the evaluation database. Table 4 

summarizes the details of the five shear equations considered 
in the statistical assessment. The equations of Wang et al.35 
and Yang et al.38 were developed for UHPC beams while the 
other equations were developed for general FRC beams. For 
the beams with hybrid fibers, the shear components of fibers 
vb in Eq. (7) and the fiber factor Fi in Eq. (8) proposed for 
hybrid fibers were used in the existing shear equations.

Performance of shear strength equations
Table 5 summarizes the statistical performance of 

the evaluated shear models. The statistics show that the 
proposed equation outperformed existing shear equations 
in predicting the shear strength of 118 beams for all the 
statistical measures, including the mean (1.00), COV (21%), 
AAE (18%), and R2 (0.84) values. It is noted that the predic-
tion results of Wang et al.35 and Yang et al.38 equations had 
good mean accuracy (mean = 1.01 and 1.06, respectively). 
However, they had relatively low predictive power (R2 ≤ 
0.45), high variation (COV ≤ 50%), and high error (AAE ≥ 
39%). The FRC equation of Kwak et al.50 was somehow too 
conservative in predicting the shear strength of HS-HPFRC 
and UHPC beams, with mean = 1.27. In addition, it also had 
relatively high variability (COV = 36%) and low predictive 
power (R2 = 0.53). The equation of Arslan65 had reasonable 
prediction performance when all the beams in the data set 
were considered, but its accuracy was considerably reduced 
for deep beams with a/d < 2.5 (mean = 1.36). The equation 
of Sarveghadi et al.61 generally outperformed other existing 
equations with improved statistical measures, including the 
mean, COV, AAE, and R2 values. However, it should be 
noted that the statistics for this equation represent the predic-
tion of 112 out of the total 118 beams, as it was not appli-
cable for the six beams with PVA fibers. Additionally, the 
reliability of Sarveghadi et al.’s 61 equation decreased with 
an increasing a/d.

Figures 2 and 3 compare the influence of different design 
parameters on the performance of Sarveghadi et al.’s61 
equation and the proposed equation. From the figures, it 
is evident that while Sarveghadi et al.’s61 equation cannot 
reasonably account for the impact of different design factors, 
the proposed equation adequately accounts for the influence 
of the beam depth, a/d, concrete strength, fiber volume frac-
tion, and longitudinal reinforcing ratio on the beams’ shear 
strength. The prediction results for the beams with hybrid 
steel fibers indicate that Sarveghadi et al.’s61 equation gener-
ally overestimates the shear strength. Conversely, the hybrid 

Table 3—Statistical analysis of ML-based algorithms on evaluation database

Set 1: fcʹ, vb, F, a/d, b/bw, ρw Set 2: fcʹ, vb, a/d, b/bw, ρw Set 3: fcʹ, vb, a/d, ρw Set 4: fcʹ, vb, a/d, b/bw, ρw, λs

ML model

ANN
MLP
6-6-1 SVM RF

ANN
MLP

5-11-1 SVM RF

ANN
MLP

4-10-1 SVM RF

ANN
MLP

6-11-1 SVM RF

Mean 1.02 1.01 0.93 1.02 1.03 0.98 1.02 1.01 0.98 1.02 1.04 0.93

COV, % 16 28 31 16 35 30 17 22 29 15 30 30

AAE, % 13 16 32 13 16 29 13 16 26 12 16 32

R2 0.94 0.92 0.81 0.93 0.92 0.80 0.93 0.92 0.77 0.95 0.92 0.82

Note: Mean is vu,Test/vu,Predicted; COV is standard deviation/mean; R2 = R × R where R is coefficient of correlation.
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fiber factor in the proposed equation leads to more reason-
able predictions for beams with hybrid fibers.

In comparison with the existing shear equations, all 
ML-based models showed substantially enhanced predic-
tion performance, especially the ANN and SVM models. 
Figures 4(a) and (b) illustrate the prediction results obtained 
from the ML-based models and the proposed equation for 
the evaluation database. On average, although the RF model 
only slightly overestimated the shear strength of the test 
results (mean = 0.93), its predictions had the highest varia-
tion (COV = 30% and R2 = 0.82). In contrast, both the SVM 
and ANN models had enhanced accuracy (mean = 1.04 and 

1.02, respectively), and these models also explained the 
variation in data well (R2 = 0.92 and 0.95, respectively). 
Their predictive power is remarkable, considering only a 
few parameters used in the model and the variety of the test 
specimens and setups in existing studies. Moreover, the high 
predictive power also implies that the employed parameters 
are sufficient to account for the shear strength of HS-HPFRC 
and UHPC beams. Among the ML-based models, the ANN 
model fitted the data best as it had the least variation (COV = 
15%) and AAE (= 12%).

When compared with ML-based models, the proposed 
semi-empirical equation also had a satisfactory prediction 

Table 4—Summary of evaluated shear strength equations

Existing shear strength models for FRC, HS-HPFRC, and UHPC members without transverse reinforcement
Modifications in this study for hybrid 

fibers

Kwak et al.50

vu = 3.7efspfc
2/3(ρwd/a)1/3 + 0.8vb (MPa)

 e =  
⎧

 
⎪

 ⎨ 
⎪

 
⎩

  
  a _ d   > 3.4,  then 1

   
  a _ d   ≤ 3.4, then 3.4   d _ a  

   

fspfc = fc',cube/(20 − √F) + 0.7 + 1.0√F and vb = 0.4τF

  v  b   =  v  b, hybrid   = 0.41  ∑ i=1  n     τ  i    F  i    

 F =  F  hybrid   =  ∑ i=1  n    (  
 L  f,i   _  D  f,i    )   V  fi    d  fi   

Arslan65
  v  u   =  (0.2   (  f  c   ′  )      

2 _ 3      c _ d   +  √ 
______________

  ρ  w   (1 + 4F)    f  c   ′    )   
3
 √ 
___

   3 ___ a/d     (MPa)

where (c/d)2 + (600ρw/fc') (c/d) − (600ρw/fc') = 0
 F =  F  hybrid   =  ∑ i=1  n    (  

 L  f,i   _  D  f,i    )   V  fi    d  fi   

Sarveghadi 
et al.61

  v  u   =  ρ  w   +   
 ρ  w  

 _  v  b     +   1 _ a / d   (  
 ρ  w     f  t   ′   ( ρ  w   + 2)  (  f  t   ′     

a _ d   −   3 _  v  b    ) 
  ____________________  a / d   +   f  t   ′  )  +  v  b    (MPa)

where ft' = 0.79√fc' and vb = 0.41τF

  v  b   =  v  b, hybrid   = 0 .41  ∑ i=1  n     τ  i    F  i    

 F =  F  hybrid   =  ∑ i=1  n    (  
 L  f,i   _  D  f,i    )   V  fi    d  fi   

Wang et al.35   v  u   = 0.4  f  c   ′   ( √ 
_

 1 +   (  a _ d  )    
2
    −   a _ d  )   (MPa) None (directly applicable)

Yang et al.38   v  u   = Ψ (  1 . 4 _ a / d   + 0.45) K  √ 
__

   f  c   ′      (MPa)
where a/d > 3, use Ψ = 0.6, and a/d ≤ 3, Ψ = 1, K = [(Lf/Df)Vf]0.2

 K =  K  hybrid   =  ∑ i=1  n      [ (  
 L  f,i   _  D  f,i    )   V  fi  ]    

0.2

  

Proposed shear 
design Eq. (9)

  v  u   =  √ 
_

   2 _ 
1 +   d _ 254  

     [2.25e   (  f  c   ′    ρ  w     d _ a  )    
0.57

  +   (1.80  v  b  )    1.3 ]    (  b _  b  w    )    
0.35

   (MPa)

  v  b   =  v  b, hybrid   = 0.41  ∑ i=1  n     τ  i    F  i    

 F =  F  hybrid   =  ∑ i=1  n    (  
 L  f,i   _  D  f,i    )   V  fi    d  fi   

—

Note: 1 mm = 0.039 in.; 1 N = 0.225 lb; 1 MPa = 145 psi.

Table 5—Statistical analysis of shear strength equations on evaluation database

44 beams with a/d < 2.5 74 beams with a/d ≥ 2.5 Evaluation dataset of 118 beams

Strength model Mean COV, % AAE, % R2 Mean COV, % AAE, % R2 Mean COV, % AAE, % R2

Kwak et al.50 1.13 29 22 0.45 1.35 37 30 0.83 1.27 36 27 0.53

Arslan65 1.36 17 26 0.88 1.03 32 26 0.80 1.16 29 26 0.82

Sarveghadi et al.61* 1.11 17 15 0.88 1.03 26 22 0.78 1.06 23 19 0.84

Wang et al.35 1.00 36 32 0.21 1.02 46 43 0.59 1.01 42 39 0.45

Yang et al.38 0.85 31 35 0.49 1.18 52 49 0.29 1.06 50 44 0.40

ANN MLP 6-11-1 1.01 14 11 0.95 1.03 15 12 0.95 1.02 15 12 0.95

SVM model 1.00 15 12 0.91 1.06 36 18 0.91 1.04 30 16 0.92

RF model 1.12 22 20 0.82 0.82 28 39 0.87 0.93 30 32 0.82

Proposed Eq. (9) 0.95 22 19 0.82 1.03 21 17 0.83 1.00 21 18 0.84
*Statistics of Sarveghadi et al.’s equation were calculated for 41 deep beams, 71 slender beams, and data set of 112 beams.

Note: Mean = vu,Test/vu,Predicted; COV is standard deviation/mean; R2 = R × R where R is coefficient of correlation.
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accuracy (mean = 1.00) and a high positive correlation 
with the shear test results (R = 0.92). Although its ability 
to explain the variation in data (R2 = 0.84) is slightly lower 
than that of the ANN and SVM models, it is considered 
reasonably accurate given the complexity of the shear failure 
mechanism. The ANN and SVM models demonstrated high 
predictive power, due to the inherent strengths of these 
ML-based models deciphering complex patterns within the 
evaluation database. Furthermore, ML-based models exhibit 
a multitude of intricate interactions among the parameters, 
which impact the prediction power. In contrast, the proposed 
shear equation presents a simplified closed-form equation 
that requires only parameters that are readily available in the 
design phase. Notably, the developed shear equation outper-
forms the RF model in accuracy and prediction variation.

The predictive performance of the proposed shear equa-
tion is further validated by comparing it with the ANN MLP 
6-11-1 model, which is the most powerful prediction model 
evaluated in the study. Figures 3 and 5 show the influences 

of the design parameters (including d, a/d, fcʹ, Vf, and ρw) on 
the prediction results for the proposed equation and ANN 
model, respectively. As shown in Fig. 3(a) and 5(a), both 
the proposed shear equation and ANN model effectively 
mitigate the impact of the beam depth (ranging from 100 
to 1000 mm [3.94 to 39.37 in.]) on the prediction accuracy 
by using the size effect factor. The prediction accuracy 
remains stable for the a/d, which varies from 1.0 to 4.5, as 
depicted in Fig. 3(b) and 5(b). Similarly, stability in predic-
tion accuracy for the compressive strength, ranging from 80 
to 200 MPa (12,000 to 29,000 psi), is illustrated in Fig. 3(c) 
and 5(c). Furthermore, Fig. 3(d) and 5(d) show that both 
models yield slightly more conservative predictions as the 
fiber volume fraction increases. The trend lines for the ANN 
model and the proposed equation both exhibit the highest 
accuracy at approximately Vf = 1.5%. However, at Vf = 3%, 
the ANN underestimates the shear strength by 7%, while the 
proposed equation does so by 14%. Figures 3(e) and 5(e) 
demonstrate that the accuracy of both equations remained 

Fig. 2—Influences of different design parameters on performance of Sarveghadi et al.’s equation.61

Fig. 3—Influences of different design parameters on performance of proposed equation.

Fig. 4—Experimental shear strength versus predicted shear strength.
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essentially consistent across various longitudinal reinforce-
ment ratios. It should be noted that in the database used to 
develop the shear equation, 23 beams (accounting for 20% 
of the total) featured longitudinal bars with yield strengths 
ranging from 550 to 900 MPa (approximately 80,000 to 
130,000 psi). The shear strength predictions for these beams 
were only marginally underestimated by the proposed equa-
tion, with an average deviation of 8%. This suggests that 
the yield strength of tensile reinforcement does not signifi-
cantly impact the shear strength of HS-HPFRC and UHPC 
beams. Overall, the prediction accuracy of the proposed 
equation and ANN model remains reasonably consistent. 
In general, the trend lines on the evaluation data set under 
varying design parameters are similar in Fig. 3 and 5, indi-
cating that the proposed semi-empirical equation can reason-
ably emulate the predictions of the ML threshold. Further 
supporting these findings, Fig. 4(c) offers additional insights 
into the predictive capabilities of the proposed equation 
when compared to the ANN model. This figure demonstrates 
the close alignment of predictions from the proposed equa-
tion with the ANN model, underlined by specific metrics: 
For the proposed equation, the mean is 1.04, COV is 22%, 
R2 is 0.86, and R (coefficient of correlation) is 0.93; for the 
ANN model, the mean is 1.06, COV is 16%, R2 is 0.93, and 
R is 0.97. These statistical metrics on the testing set of the 
ANN model further substantiate the low variation and high 
accuracy, correlation, and R2 of the proposed equation, indi-
cating its predictions closely match those of the ANN model.

SUMMARY AND CONCLUSIONS
A practical semi-empirical equation for predicting the 

shear strength of high-strength high-performance fiber- 
reinforced concrete (HS-HPFRC) and ultra-high-per-
formance concrete (UHPC) beams without stirrups was  
developed, using an evaluation shear database with filtering 
criteria tailored for nonprestressed HS-HPFRC and UHPC 
beams. This database comprises 118 beams, including 
81 rectangular beams, 33 I-shaped beams, and four T-shaped 
beams. The equation uses common design parameters 
readily available during the design phase and eliminates the 
need for uniaxial or flexural tensile test results. Instead, it 
considers the statistical nature of the impact of fiber rein-
forcement on shear strength by incorporating fiber content, 
fiber efficiency factor, fiber-matrix bond strength, and fiber 
factor. Additionally, the equation accounts for the influence 

of the size effect, cross-sectional shape, and hybrid fibers on 
shear strength. The performance of the equation was vali-
dated against existing shear equations and also against three 
optimized supervised machine learning (ML) models. Key 
conclusions include:

1. The proposed equation’s predictive capability surpassed 
that of relevant shear equations in prediction accuracy and 
ability to explain the variance in the data. This is under-
scored by key metrics, including a mean of 1.00, a coeffi-
cient of variation (COV) of 21%, and an R2 of 0.84.

2. Three distinct artificial intelligence (AI)-based shear 
strength models, using support vector machine (SVM), 
random forest (RF), and artificial neural network (ANN) 
algorithms, were developed using the established database. 
A consistent split of 70% data for training and 30% data 
for testing was employed. Statistical analysis revealed that 
the ANN MLP 6-11-1 model outperformed the others in 
the evaluation database, as indicated by its overall data set 
metrics: a mean of 1.02, a COV of 15%, and an R2 of 0.95.

3. Compared with the AI models, the proposed equation 
demonstrated enhanced accuracy and predictive variation 
relative to the RF model. Despite its simplified closed-
form expression, the proposed equation achieved predictive 
power comparable with the threshold established by the 
ANN MLP 6-11-1 model, as shown in Fig. 4(c).

4. The proposed equation’s prediction accuracy remained 
consistent across varying design variables, including 
beam depth (100 to 1000 mm [3.9 to 39.4 in.]), a/d (1.0 
to 4.5), compressive strength (80 to 200 MPa [12,000 to 
29,000 psi]), cross-sectional shapes (rectangular, I-shape, 
and T-shape), longitudinal reinforcing ratio (0.68 to 8.2), 
and yield strength of longitudinal reinforcement (414 to 
900 MPa [60,000 to 130,000 psi]). Though slightly more 
conservative with an increasing fiber volume fraction, its 
accuracy remained reasonable. However, it is important for 
designers to recognize that, due to the data-driven approach 
used in deriving the equation, its reliability might be reduced 
when applied to conditions outside these specified ranges, 
potentially limiting its applicability and accuracy.
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